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Abstract

Lie groups form a natural framework for describing continuous symmetries in geometry, analysis, and
mathematical physics. Their associated Lie algebras capture the infinitesimal structure of the group,
and the exponential map links these two perspectives. This thesis investigates the interplay between the
algebraic and geometric aspects of Lie groups, with a particular emphasis on left-invariant Riemannian
metrics, Cartan connections, and representation theory.

After reviewing the necessary background on smooth manifolds, Riemannian geometry, and Lie theory,
we study the Lie-theoretic and Riemannian exponential maps, comparing their properties and high-
lighting cases where they coincide or differ. Using Milnor's framework, we perform explicit curvature
computations for Lie groups with left-invariant metrics. We also explore the representation theory of
complex semisimple Lie algebras, presenting examples for sl(2,C), sl(3,C), and more general cases.

The main goal is to study representations of Lie algebras, which can contain more information about Lie
groups and are often easier to analyze than the groups themselves. In this thesis, we focus only on com-
plex cases, but we expect to be able to address the real ones later using realification or complexification
theory.

This project will allow me to learn about Lie groups, Lie algebras, their curvature, and their representa-
tions.

Keywords: Lie theory, representation theory, Lie groups, Lie algebras, differential geometry.
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Introduction

Lie groups and Lie algebras play a major role in modern mathematics, making them one of the most stan-
dard languages for describing continuous symmetries in geometry, analysis, and mathematical physics.
They stem from the exploratory research of Sophus Lie, who in the late 19-th century discovered that
they provide an appropriate mathematical context for describing both global and infinitesimal symme-
tries. A Lie group is both a differentiable manifold and a group, with the property that the two structures
are compatible such that both the multiplication and inversion operations are smooth maps. Instead of
being defined only by its group operation, a Lie group can alternatively be described by its associated ‘Lie
algebra,” which captures the infinitesimal behaviour near the identity element. This picture of interplay
between these two perspectives, is captured by the exponential map.

Beyond their intrinsic beauty, Lie groups and their representations play a decisive role in diverse areas
of mathematics and physics. In differential geometry, they arise naturally as transformation groups of
manifolds, with applications to the study of homogeneous spaces and symmetric spaces ( ).
The theory of semisimple Lie algebras, in particular, provides a systematic way to study high-dimensional
symmetry via the representation theory of finite-dimensional modules.

From a geometric perspective, left-invariant Riemannian metrics on Lie groups yield rich families of
spaces whose curvature can often be computed explicitly, revealing deep structural properties

( ). This connection has been developed extensively in the context of symmetric spaces and Cartan
geometries, where Lie groups act transitively by isometries, and their isotropy subgroups encode the
local geometry. The advantage of having a bi-invariant metric is that geodesics can be understood
using the Lie exponential map, which is not always true when only a left-invariant metric is present.
Then the Cartan connection can change the role of the Levi-Civita connection so it still holds.

The motivation for this thesis is to understand Lie groups and their geometry. We aim to study Lie
groups via their Lie algebras, and also through the representations of these Lie algebras, that can help
as to understand some class of Lie groups.

The structure of the thesis is as follows. Chapter 1 reviews the necessary background on smooth and
Riemannian manifolds. Chapter 2 introduces Lie groups, Lie algebras, and their representations. Chapter
3 focuses on the exponential map, its consequences, and its interaction with Riemannian geometry,
including a discussion of Lie groups with left-invariant metrics and Cartan connections. Chapter 4
develops the representation theory of semisimple Lie algebras, with examples from sl(2, C), s((3,C) and
more general complex semisimple Lie algebras. This goal applies to all Lie groups and Lie algebras, both
real and complex, but here we start with the complex semisimple ones. Finally, Chapter 5, we end with
some remarks.



1. On Smooth Manifolds and Riemannian
Manifolds

In this section, we start with important facts about smooth manifolds that will be useful for the next part
of this dissertation. It will be mostly about smooth manifolds, smooth maps submanifolds and Rieman-
nian manifolds. The main references of this section are ( ) and

(1992).

1.1 Smooth manifolds and smooth maps

1.1.1 Definition (Smooth manifold). A smooth manifold M of dimension n, consists of
(i) a topological space M, Hausdorff and second countable;

(ii) a smooth atlas which is collection of pairs (U;, ¢;)icr, ¢i : Ui — U;;
such that:

= ¢; is a homeomorphism where (U;);c; are open subsets of R™ (namely they are charts) and
(Ui)ier is an open cover of M ;

» foranyi,j€l: ¢jop; " : ¢:i[UiNUj] — ¢;[U; N U] are smooth C*.

(iii) the atlas is maximal, in the sense that if (U, ¢) and for any i € I, ¢ o qs;l,@- o ¢~ ! are smooth
on ¢;[U; N U], ¢[U N U], then (U, ¢) must belong to the atlas.

For such above notation, in the next, we describe a manifold M = (M, (Ui, ¢i, Ui)ig,n) of dimension
n. So, in the next of this dissertation, M is always with these structure, unless we mention the opposite.
In practice to check that a Hausdorff, second countable topological space is a manifold, it is enough to
see that it is locally homeomorphic to R™ and the composition of the maps are smooth. Indeed, we can
neglect the maximality of atlas because we can always construct an unique maximal one from a given
atlas.

% Notice. One can define similarly the complex manifold like smooth manifold above, space locally
homeomorphic to C™ and the transition maps required to be holomorphic. One can see directly is any
complex manifold of dimension m is smooth manifold of dimension n = 2m and if a smooth manifold
of dimension n is also complex manifold, » must be even.

1.1.2 Lemma. For any smooth atlas (Uy, ¢4 )acA,
A= {(U, ¢) chart suth that forany a € A: ¢, 0¢ ', ¢po ¢, are smooth} = (Us, ¢;)icr

is the unique maximal atlas that contains (Uy, ¢ )acA-

Proof. Clearly, A C I. To prove that it is an atlas, the only thing that we need to check is the case
where both of ¢,j is in I\ A. We want to show that ¢; o d)i_l is locally smooth on ¢;[U; N Uj], then
smooth. Let p € ¢;[U;NU;] and p = gb[l(ﬁ). There is a € A that contains p. Then p € ¢;[U;NU;NU,|
and ¢; 0 ¢t = (B 0 ¢31) o (da 0 ¢; 1) is smooth on ¢;[U; NU; NU,]. It is maximal by definition
as A C I. The uniqueness is by similar reasoning. Assume, (Uj,¢;)jes and (Uy, ¢r)rek such that
A C JN K. By symmetry, we will prove only (U, ¢r)kex C (Uj, ¢j)jcs. Fix an arbitrary k € K and
let's show that gi)kogb;l and ¢;00; %, so (Uk, dx) € (Uj, dj)jes. We pick again p € ¢ (UpNU;) € Us,

for some a € A to get that ¢; o gb,;l is smooth near to p. O
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1.1.3 Remark. Every open subset U of a smooth manifold is trivially itself smooth manifold because
we can just restrict each chart on its domain intersects U.

1.1.4 Definition (Smooth map). Let M and N be two manifolds whose the smooth atlas are (U;, ¢;)icr
and (Vi, ¢;)icg. The map F': M — N is said to be smooth if

for each i € I,j € J, the map ¢; o F o ¢; " is smooth on ¢;(U; N F~1[V}]).

Again, as we mostly work on charts which can cover the manifolds that is atlas simpler to work with
but this definition requires as to check for all possible charts (maximal atlas). Therefore, this version is
sometimes less practical. There is the next equivalent definition is important.

1.1.5 Definition (Smooth map). With the assumptions in Definition 1.1.4, F' is smooth if

for each p € M ,there are (U, ¢), chart in M, p € U and (V, ), chart in N, F(p) € V such that
@ o Fog¢lissmooth on ¢(UNF~1[V]).

Clearly Definition 1.1.4 implies 1.1.5. Conversely if we have 1.1.5, let's try to prove 1.1.4. Let i €
I,j € J. To show pj o Fo¢; ' is smooth on ¢;(U; N F~1[V}]), recall, from calculus that being
C® for map between subset of R” is a local property. Then, it is enough to prove that for each p €,
cpjoFogZ);l is C* near to p. Consider p = gb;l(ﬁ) and apply 1.1.5 to get charts (U, ¢), (V, ¢) containing
p and F(p) such that po F o ¢! is smooth on ¢(U N F~1[V]). From the structure of the smooth
manifolds, we have ¢ o gf);l and ;o o~ ! are respectively smooth on ¢;[U NU;] and ¢[V; N V]. Thus
pjoFo ¢Z_1 = (pjop ) o(poFop Ho(po (ﬁz_l) is smooth on ¢;[U NU; N F~1[V;]], which is an
open neighbourhood of p.

It is clear that the smoothness is a local property.

1.1.6 Remark. Smoothness implies continuity. It is because this is known for the case subsets of R™
and the fact the continuity is local property. Indeed, if p € M, we choose the charts (U;, ¢;) and
(Vj, ;) that contain p and F(p) with @0 F o ¢; ! is smooth on ¢;(U; N F~[V;]). Then pjo Fog; !
is continuous on ¢;(U; N F1[V}]) and F = ;o (pj o Fo¢; ') o is continuous on U; N F~LV}],
which is open neighbourhood of p.

1.1.7 Remark (On product). It is straightforward to see that for any smooth manifolds M and N,
M x N is also smooth manifolds. The charts are just the products. Now, we have the following results.

(i) If we have anothers smooth manifolds M', N’ with f; : M — M’ and fy : N — N’ are both
smooth. The product map f1 X fo : M x N — M'x N’, (m,n) — (f(m),g(n)) is also smooth. If
(p,q) € M x N, there are (U;, ¢;),(V;, @), (Wi, pi) and (Oy, 6;) respectively charts in M, M', N
and N’, that contain respectively p, f1(p), ¢ and fa(p) such that ¢;o f; ogb;l and ¢, ofzop/,;1 are
smooth. Hence (y; X 6;) o (f1 x f2) o (¢¢_1 X plzl) = (pjo fio ¢Z._1) X (80 fao plzl) is smooth.

(i) We have also a diffeomorphism® M x N — N x M, (z,y) — (y,z).

(iii) The projections are smooth. Again, the continuity is known in the level of topology. For (p,q) €
M x N, there are (U;, ¢;) and (V;, ¢;) chartsin M and N containing p and q. ¢;ompro(¢;x ;)"
and @j om0 (P X gpj)_l are just projections which are trivially smooth.

(iv) For any smooth maps f: X — M andg: X — N, fxg: X — M x N, z — (f(z),9(x))
is also smooth. Hence the universal property.

(v) Fixing p € M, the inclusion map i, : N — M x N defined by i,(y) = (p,y) is smooth. Let

!smooth homeomorphism, whose inverse also smooth.
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y € N and consider the charts (U;, ¢;) and (Vj,¢;) in M and in N, which contains p and y.
Then (U; x Vj, ¢; X ;) is a chart that contains ip(z) and (¢; X @;) 0y 0 (pj—l is the inclusion
2+ (¢i(p), z) which is trivially smooth. The same applies if we fix ¢ € N and j,(z) = (,q).

As in R™, we know that the differentiability is a local property and the restriction of differentiable map
is also differentiable. These properties still work in general smooth manifold.

1.1.8 Proposition. With the assumptions in Definition 1.1.4, we have.
(a) If Fis smooth then for any open subset U of M, the restriction F'|; : U — N is smooth.
(b) If any point of M admits open neighbourhood U which F|;; is smooth, then, F'is smooth

Proof. (a) is straightforward by the second definition, as restriction of differentiable map is differentiable
in R™. For (b), pick p € M; by assumption p € U and F|; : U — N is smooth. Then there is
k€ 1,j € Jsuchthat p e Uy, F(p) € V; and @jo F|; o (¢rly) ™! = ¢jo Fo(¢rly)~! is smooth.
So, it is enough to prove that (U N Uy, ¢r|y) € (Ui, ¢i)icr- To see it, we just need to use the fact
@i[Ux NU; N U] is open subset of ¢;[U; N U] and again restriction of differentiable map is differentiable
in R™. The same for ¢;[Ux, NU; N U] C ¢;[U; N U], so, we get ¢; o (¢x|y;) " and (dxly) o 65" O

We have defined objects (the collections of smooth manifolds) and morphisms (the smooth map), we
expect to get a category. So we want to check if the composition is well-defined.

1.1.9 Remark. The good news is the composition of smooth maps is smooth. It is straightforward.

Indeed, consider M 5 N % P be two smooth maps (denote (W, dr)reri atlas on P). Leti € I
and k € K. To prove 6, 0 G o F o ¢; ! is smooth on ¢;[U; N F~! o G~ [W}]], let's do it locally. Pick
PEGUNE oG W] sop=¢i(p) € UiN F~Lo G Wy and F(p) € G71[W}]. Then there
exists, (Vj, ¢;) chart in N that contains F'(p) such that 5kOGocp;1 and pjo Fogp; ! are smooth. Then
0 © G’oFod)i—1 = (ko Gogoj_l) o(pjoFo gzﬁl_l) is smooth on ¢;[U; N F~ 1o G Wi NEF~1V;]] = 5.

Then, smooth manifolds form a category. The isomorphisms are the the diffeomorphisms.

1.2 Derivations, Vector fields, Tangent spaces, Differential maps

Let A be an algebra over a field K. A derivation D on A is its linear endomorphism satisfying the
product rules, that is D(fg) = fD(g) + D(f)g. The algebra with which we shall mainly deal is the
algebra of smooth functions on a smooth manifold M, denoted by C*>(M).

1.2.1 Definition. For a smooth manifold (M, n), we mean by a vector field on M is just a derivation
on C*°(M). A derivation at p is just X, : C*°(M) — R, f +— X (f)(p) for some X vector field on M.

We will denote X(M) the set of vector fields on M. The set T, M := {X,, : X vector field on M} is a
vector space of dimension n.

1.2.2 Definition. For a smooth map F': M — N, the differential of F' at a point p € M is a linear
map
(dF)a: TyM — TppN
Xp — (dF)a(Xp) =Yr@p)

where Y is vector field such that Y, (g9) = X,(g o F)? for any g € C*(N).

2Such vector field Y exists.
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Another view of tangent space T}, is set of vector v where there is smooth curve o on M, defined around
p, where o/(0) = v and «(0) = p. In this point of view,

(AF) (@/(0)) = % Foal)

1.3 Submanifolds: embedded vs immersed

At the topological level, any subset X of a topological space M inherits a topology that makes the
inclusion a topological embedding. This topology is natural in M.

Now, when a smooth structure is added, we require more conditions to be able to get a smooth manifold
structure on X, so that it is nice, in the sense that we will try to define a submanifold.

Intuitively, we expect that any chart (U;, ¢;) of M should induce a chart on X, namely that (X; =
Ui N X, ¢ilx,) should produce a smooth atlas for X. But, in the end, it is not exactly that we need;
rather, we will reformulate it in the sense that we can put a smooth structure on X that is induced (in
a natural way) from the structure on M. However, not every subset of M satisfies such a condition.

1.3.1 Definition (Embedded Submanifold). Let (M, (U;, ¢;, Us)icr,n) is manifold. X C M is said a
submanifold of M, of dimension k € N, k < n if X can be covered by (U;);ca (A C I) such that

VieA: ¢(XNU)=RyNU;, (1.3.1)
where Ry = {z € R" : 2; = 0 for j > k} homeomorphic to R¥.

1.3.2 Definition (Smooth immersion). A smooth map M L, N is a smooth immersion if for each
p € M, (dF), is injective. Moreover, if F' is topological embedding, we say F' is smooth embedding.
Dually, F'is smooth submersion if (dF), is surjective for each p € M.

1.3.3 Lemma. Under the assumption in Definition 1.3.1 and (1.3.1), let R, —% R* be the natural
homeomorphism. Let X; = U, NX and p; = ¢, 0 ¢i|Xi' We have (X, pi)ica is smooth atlas on X and
the inclusion is a smooth immersion.

From now on, if we think X as submanifold of M, with the topology induced, X is also smooth manifold
with the atlas constructed in Lemma 1.3.3.

1.3.4 Proposition. Let M and X be two smooth manifolds such that X C M (the topology on X is
the induced one from M). If the inclusion map is a smooth immersion then X is submanifold of M.
and the smooth structure on X is the same than we constructed in Lemma 1.3.3.

1.3.5 Example. Let M 5 N be an embedding. We expect F'(M) to be identifiable to M. Clearly,
they can be diffeomorphic as they are homeomorphic and we can push forward the charts in M via F.

In this case, the inclusion F'(M) < N becomes a composition of diffeomorphism and embedding then
embedding. Hence F'(M) is an (embedded) submanifold of V.

Now, how about if we have only smooth immersion, can we still have F'(M) is submanifold? First to be
able (easy) to identify F'(M) with M, via F, we require F' to be injective. Even though issues arise at
the topological level, such cases are still interesting, which is called immersed submanifold. Namely, we
can change the topology in F'(M) (not necessarily the induced from N), with specific smooth structure
to get the inclusion F'(M) < N becomes a smooth immersion. The topology and smooth structure
are both the push forward from M via F' that make F' diffeomorphic onto F'(M).
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1.3.6 Definition (Immersed Submanifold). Let M and X be be two smooth manifolds such that
X C M (the topology on X is not necessarily the one induced from M). If the inclusion map is a
smooth immersion, we say that X is an immersed submanifold of M.

Some example will be seen in Lie subgroups section, for Example 2.1.8.

The following propositions are the combination of some theorems or propositions in ( ).

1.3.7 Proposition. Let M 5 N be a smooth map.

(a) Forp e M, if (dF'), is injective (resp surjective) then F'is a smooth immersion (resp submersion)
near to p. Also, if (dF'), is isomorphism, F' is diffeomorphism near to p.

(b) If F'is bijective and local diffeomorphism then it is diffeomorphism. Also smooth immersion and
smooth submersion implies local diffeomorphism.

1.3.8 Proposition. Let (M, (Ui, ¢i, U;)icr, m) £, (N, (Vi, @i, Vi)ier, ) be smooth map with constant
rank 7, that is
Vp,g€ M : rank((dF)y) = rank((dF)q) = r.

Then the followings hold.
(a) For each p € M thereisi € I and j € J such that p € U;, F'(p) € V; and

A

F(l’l,"' 7xm> I:@jOFO(bZ‘((I'l,"‘ ,$m):(x1,"' 71'7’707'”0>'

(b) F is smooth immersion if it is injective. Also it smooth submersion if it is surjective.

1.3.9 Remark. ltem (a) is a necessary and sufficient condition for a smooth map to have constant
rank. More generally, it is enough that F' is linear.

1.4 Quotient Manifolds

This part is almost from ( ). The goal of this section is to note that not every quotient topology
naturally gives a manifold structure and to state some important facts in which case this quotient also
has a smooth structure. First, a continuous map f : X — Y is called proper if the preimage of a
compact subset of Y is compact in X. For a group action, if G acts on a manifold M, we denote M /G
the set of orbits with the quotient topology, called the orbit space. Assume now that G is a topological
group. The action is proper if it is continuous and the map G x M — M x M, (g,p) — (g-p,p) is a
proper map.

1.4.1 Theorem (Quotient Manifold Theorem). Suppose G is a Lie group acting smoothly, freely, and
properly on a smooth manifold M. Then the orbit space M /G is a topological manifold of dimension
equal to dim M — dim G, and has a unique smooth structure with the property that the quotient map
m: M — M/G is a smooth submersion.

The proof can be found in ( ), together with many interesting discussions about it.

We are interested in these results in order to see, in Section 2.1, how the quotient of a Lie group can be
described. discusses the Homogeneous Space Construction Theorem, which provides a useful fact,
but only in the case of Lie groups.
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1.5 Riemannian manifolds

This section is mostly taken from ( ). We now collect some of the
important facts that we will need.

1.5.1 Definition (Riemannian manifold). A Riemannian manifold is a pair (M, g), where M is a smooth
manifold and g assigns to each point p € M smoothly an inner product

gp: TyM x T,M — R
on the tangent space T}, M, varying smoothly with p € M.
1.5.2 Definition (Affine connection). An affine connection V on a smooth manifold M is a map
Vi X(M) x X(M) = X(M), (X,Y)— VxY
satisfying for all X,Y,Z € X(M) and f € C*°(M):
» VixivZ = fVxZ + VyZ (linearity in the first argument),
» Vx(Y+2)=VxY + VxZ (linearity in the second argument),
» Vx(fY)=X(f)Y + fVxY (Leibniz rule).

A vector field along a curve v : I — M is a smooth map X : I — T'M such that, for any t € I,
X(t) S Tw(t)M-

1.5.3 Proposition. Let M be a smooth manifold with an affine connection V. There exists a unique
correspondence which associates to a vector field V' along the smooth curve ¢ : I — M another vector
field % along ¢, called the covariant derivative of V' along ¢, such that:

D DV DW

D D
(b) a(fV) = Z—J;V + fd—;/, where W is a vector field along ¢ and f is a smooth function on I.

DV
(c) If Vis induced by a vector field Y € X(M), i.e., V(t) = Y (c(t)), then e Ve Y

A vector field along curve v : I — M s called parallel when % =0, forall t € I.

1.5.4 Theorem (Existence and uniqueness of the Levi-Civita connection). Let (M, g) be a Riemannian
manifold. There exists a unique affine connection V on M such that

» V is metric-compatible, i.e. for all vector fields X,Y, Z,

X(9(Y,2)) =g(VxY,Z)+g(Y,VxZ),

» V is torsion-free, i.e. for all X,Y,

VxY — VyX = [X,Y].

This connection V is called the Levi-Civita connection.
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A parametrized curve v : I — M is a geodesic if %(%) =0 at tg, for any tg € I.

The important fact is that, after solving the ODE in local coordinates, for each p € M and v € T,,M,
there exists a unique geodesic v, (t), defined in a neighborhood of 0, such that ~,(0) = p and 4,(0) = v.
For small v, this 7, can be defined at [0,1]. Thus, we can define the the exponential map on a small
open set U containing p,

Exp,: T,M 22U — M
v — Exp,(v) =1(1).

A Riemannian manifold is called geodesically complete if the maximal domain of definition of all geodesics
is R. One can show that compact manifolds are complete. Moreover,

1.5.5 Theorem (Hopf-Rinow Theorem Alexandrino et al. (2015)). Let (M, g) be a connected Rieman-
nian manifold and p € M. The following statements are equivalent:

(i) exp, is globally defined, that is, exp, : T,M — M;
(i) M is geodesically complete;

(iii) (M,dist) is a complete metric space;

dist(p, q) := inf {/ab \/gv(t) (¥(¢),5(t)) dt : v(a) = p, v(b) = q, 7 piecewise smooth} :

(iv) Every closed bounded set in M is compact.

If M satisfies any (hence all) of the above items, each two points of M can be joined by a minimal
geodesic segment. In particular, for each € M the exponential map exp,, : T, M — M s surjective.

Next, we recall the concept of curvature.

1.5.6 Definition (Riemann curvature tensor). Let (M, g) be a Riemannian manifold with connection
V. The Riemann curvature tensor is the (1,3)-tensor defined by:

VXY, ZeX(M): R(X,Y)Z=VyVxZ-— VxVyZ + VixyZ.

1.5.7 Definition (Sectional curvature). Let (M, g) be a Riemannian manifold, and let ¢ C T,M be a
2-dimensional subspace spanned by linearly independent vectors w,v € T,M. The sectional curvature
of o at p is defined by:
R
o) = B
[[ullv]]? = g(u, v)

1.5.8 Definition (Ricci curvature). The Ricci curvature is the (0,2)-tensor defined by taking the trace
of the Riemann curvature tensor:

Ric(X,Y) = tr(Z — R(Z, X)Y).

1.5.9 Definition (Scalar curvature). The scalar curvature is the function S on M defined as the trace
of the Ricci tensor:

n
p = try(Ric) = ZRic(ei,ei), where {e;} is a local orthonormal basis.
i=1
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1.5.10 Theorem. [Bonnet—Myers] Let (M™,g) be a complete Riemannian manifold of dimension n.
Suppose there exists a constant d > 0 such that the Ricci curvature satisfies

Ric(v,v) > (n —1)d|v||? for all v € TM.
Then:
(i) M is compact,
(ii) the diameter of M satisfies diam (M) < %,
(iii) and the fundamental group 71 (M) is finite.



2. Lie groups and Lie Algebras

In this chapter, we discuss general aspects of Lie groups and Lie algebras, with some examples. One
important point that we address is how Lie algebras arise from Lie groups.

2.1 Lie groups

2.1.1 Definition (Lie group). A Lie group G consists of
(i) a group G = (G, m,inv, ec), where m is the binary operation and inv the inverse mapping;

(i) a smooth structure on G;
so that:

(iii) G is a smooth manifold;
(iv) m and inv are smooth maps.

Thus, a Lie group is simply a group that is also smooth manifold where the group operations are smooth.
% Notice. This definition is about the smooth manifolds (real) but one can think also the complex
Lie groups where we require to be complex manifold and the operations to be holomorphic. From now
on, unless otherwise specified, by a Lie group we mean a real Lie group. !

After R™, the one most important example is the linear group GL(n,R) and some of its subgroups.

2.1.2 Example (Linear Lie group). Identifying M,,(R) to R™, the determinant map, being polynomial,
is continuous. Then GL(n,R) = M,,(R) \ det~1({0}) is open subset of M,,(R). So it is manifold of
dimension n2. By Remark 1.1.3, it is manifold. Also, it is group under the multiplication of polynomial
in the entries; the inverse mapping is given by rational functions with nonzero determinant in the
denominator, hence both operations are smooth. Hence GL(n,R) is a Lie group.

We will prove later that any closed subgroup of GL(n,R) is also Lie group.

2.1.3 Example (Product). As the product of smooth manifolds is smooth manifold and also group,
then we should expect that the product of Lie group is again Lie groups. It is. Indeed, the smoothness
of the inverse and the binary operation is the direct consequence of Remark part (i) and (ii).

2.1.4 Definition (Lie group morphism). A Lie group morphism is just a map between Lie group that
is smooth and group homomorphism.

& Notice. For this definition, continuity is enough, we will prove it later at Proposition 3.1.7 but for
some of the examples, we assume it as fact.

The composition of Lie group morphisms is clearly Lie group morphism. Then we can talk about the
isomorphism of Lie group and category of Lie groups LG.

2.1.5 Example (Projections). We want to see that the product of Lie groups verifies the universal
property with projections. By definition, the projections are Lie group morphisms®. It is also clear the
unique map that for any pair of Lie group morphisms g : M — G and h: M — H, the unique map

that commutes with the projections g x h is also Lie group morphism. Hence it is the product in £G.

1That is fair because any complex manifold is smooth manifold.
2From Remark 1.1.7 part (iii).

10
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2.1.6 Proposition. Any Lie group morphism G 5 H has constant rank. Consequently, any bijective
Lie group morphism is an isomorphism.

Proof. It is straightforward to see that the translations (left and right) are diffeomorphisms and
F(Lp(z)) = Lpg)(F(x)) = (dF)po(dLy)eq = (dLp(p))ey © (dF)e.

Then (dF), = (dLp(p))ey © (dF)c o (dLy);+ has same rank than (dF). because composition with an
isomorphism don’t change rank. The last is a consequence of Propositions 1.3.7 and 1.3.8. Ul

2.1.7 Definition (Lie Subgroup). A subgroup H of Lie group G is said immersed Lie subgroup if it is

an immersed submanifold of G and the binary operation is smooth map fro H x H to H. Moreover, if

the topology that makes H submanifold of G is the one induced from G (embedded submanifold), we

say that it is embedded Lie subgroup.

® Notice. After building the theory, one can prove is that if H is subgroup of G and H is an immersed

submanifold of G, then, it has to be immersed Lie subgroup. The proof is by following the sketch in
( ), Problem 20 of chapter 10.

For us, Lie subgroup is always immersed one, unless mention the opposite. We will explain later why.

2.1.8 Example. Let R - S! x S!, F(z) = (e2mim m™V2iT) |t is injective and smooth immersion
as F'(p) # 0 for any p € R. Then F(R) is an immersed submanifold of S* x S*. We know that S*
is multiplicative group(Lie group) and clearly F' is (Lie) group homomorphism. Then F(R) is a Lie
immersed subgroup of S x S!.

Moreover, noticing that for any € > 0, there exists a positive integer n such that the decimal part of
%ﬁ is less than ¢, and that |e™® — 1| < |z|, we get |F(n) — F(0)| < 27 ("T‘/i - VT\/?D < 2me. Then
there is a sequence (y,)n>0 C F'(N>1) that converges to F'(0). Since there is no sequence in N>; that

converges to 0, the map F(R) P2 Ris not continuous, i.e., F' is not an embedding. Thus F(R) is not
an embedded submanifold.

2.1.9 Proposition. Let H be open subgroup of a Lie group G. Then it is embedded Lie subgroup of
G and union of connected components of G.

Proof. By Remark 1.1.3, H has a chart induced from G. Then, in local coordinates, the inclusion 7
is just the inclusion map, so its derivative is injective at every h € H. Hence, H is an embedded
Lie subgroup. Noticing that G = U,eq Lyg(H), H = G\ Ugee\n Lg(H), and that each Ly is a
homeomorphism, it follows that H is also closed. Since H is both closed and open, it is a union of
connected components. Indeed, if H intersects a connected component C', then H N C is a nonempty,
closed, and open subset of the connected space C. Therefore, H N C = C, and hence C' C H. O

It is not hard to see that an open neighbourhood V' of e generates an open subgroup of G. Indeed,
V =V U(-V)isopen, and V +3V = Uypeir Lo(V) is open. Similarly, Vi, = V +--- +V is open for

k times

every k. Then (V) is open. Using a similar argument and the fact that eg € V, =V, V, L,(V), and V},
we also obtain that if V' is connected, then (V') is connected.

2.1.10 Proposition. Let G connected Lie group and U is an open and e € H. Then U generates G.

Proof. From above discussion with Proposition 2.1.9. Ul

3The symbol + denotes the group operation.
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Also, one can show that the identity component is an open normal subgroup of GG, and that it is
diffeomorphic to every connected component.

2.1.11 Proposition. Let H be an immersed Lie subgroup of G. Then H is closed if and only if H is
embedded.

Proof. Assume that H is embedded. We show that H is closed in G. First, we claim that H is open in
H. Indeed, let p € H. Since H is an embedded submanifold, there exists a chart (U, ¢) of G with p € U
such that (UNH) = UNRF. Taking closures in U and in U, we obtain ¢(UNH) = UNR* = ¢(UNH),
hence UNH = U N H. Thus, U N H is an open neighbourhood of p in H, and therefore H is open
in H. Next, for each z € H, the left translation L, restricts to a homeomorphism of H, so the sets
xH = L,(H) are open and dense in H. Now let a € H. Since a € aH and aH is dense in H while H
is open in H, we have H NaH # (. Hence aH = H, which implies a € H. Therefore H C H, so H is
closed.

The converse is found in Lee (2003). O

2.1.12 Theorem. Any closed subgroup H of a Lie group G is always Lie subgroup.

The proof can be found in Spivak (1970), theorem 15 of chapter 10. By Proposition 2.1.11, it is
embedded.

This theorem allows us to understand what the linear Lie groups are. They are the subgroups of
GL(n,R)* which are Lie groups with the topology inherited from GL(n,R) (and also from M, (R)).
That is, they are the embedded Lie subgroups of GL(n,R). Hence, the linear Lie groups are the closed
subgroups of GL(n,R).

As examples, there are

SL(n,R) = {A € GL(n,R) : det(A) = 1},

O(n,R) = {A€GL(n,R): ATA=1,},

SO(n,R) = O(n,R) N SL(n,R),

O(p,q) = {A € GL(p+ ¢, R)SL(p + ¢,R) : AT L, A = I,,4},

SO(p,q) = O(p,q) NSL(p + ¢, R),

Spy,R = {4 € GL(2n,R) : ATJ, A= J,},
where I, , = diag(1,---,1,—1,---,—1) (p positive and ¢ negative) and J,, = (a;j)i<ij<on With
Qptii = 1,aip+1 = —1 fori=1,--- ,n and zero otherwise. We may add some examples later. There
are also some complex Lie groups defined in a similar way. Just a remark: the unitary groups U(n) and

SU(n) are defined like O(n,R) and SO(n,R) but over C, replacing the transpose by the conjugate
transpose. However, they are not complex Lie groups, but real Lie groups.

2.1.13 Lemma. Consider the smooth map,
mi: [I2VG — G
(glv T agk’) — mk((gb T 7gk)) = m(glam(927 to 7m(.gk’—17gk) o ) =91-92" " Gk

Let us agree that whenever we write o/(0) € TG, we mean that « is a curve in G such that a(0) = p.

*We can assume all subgroups of GL(n,R) because GL(n,C) can be viewed inside GL(N,R).
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In this case,
j=k d
(@10) oy (@40 0kO) = | (T pieg [T w) (211)
j=1""1=0 1<i<j j<i<k
(dinv) (a/(0)) = — a(0) (2.1.2)
(dinv)g(a’(())) =— (dRy1)_o (dLg—l)g. (2.1.3)

Proof. Recall that T(y,, ... p,) [1¥_, G can be identified with [T ; T},,G. To prove (2.1.1), it suffices to
find the image of (0,---,a5(0),---,0). To find it, consider the curve (ci(t))k_; such that for i # j,
i(t) = pi, sothat & (0) = 0 € T),,G. Next, my(a1(t), -, ar(t)) = [T1<j<j Pi-aj(t)-T1j<;< i- Hence
we get (2.1.1). In particular, (dm)(&e)((u,v)) =u+wv. To get (2.1.2), just notice that m o (inv,Id) is
a constant map, (d(inv,1d)) _(u) = ((dinv)_(u), (dId)_(u)), and using the chain rule. From these, we

obtain the result. For (2.1.3), we apply the chain rule to inv = R,-1 oinvo L,-1 at the point g. [

Later, we will see that working in a simply connected space is more important than working in a merely
connected one. Then we may need a way to pull back a group structure via a covering map.

2.1.14 Proposition. Let G be a Lie group, H be a connected manifold and 7 : H — G a covering
map®. For e € 7 !(eg), there is a unique Lie group structure on H such that 7 is a Lie group morphism,
e is the neutral element and the kernel of 7 is a subgroup of the center of H.

Proof. The task is to define the binary operation b in H and show that it works. H is path connected.

b:HxH — H
(,y) — w(l),

where w is the lifting of L) o mo 3, where 3 is a path starting from ep to y.

Now suppose we choose another path /3’ starting from ey to y. We are sure that ' = 3 x «, where o
is a loop at y. Then W' is the lifting of Ly, omo (Bx ) = (Lr(z) om0 f)* (Ln(z) o 7o a), that is
w * (lifting of Ly ;) omoa at w(1)). ® So w'(1) = w(1). Hence, b is well-defined.

Clearly eg is a neutral element for b. We can also see that it is associative. For x € H, we can also
check that the endpoint of the lifting of inv o m o «v is its inverse if « is the path joining ey to x.

This construction is nothing else than the lifting of m o (7 x 7), which is smooth (because the lift of a
smooth map through a local diffeomorphism is smooth) and unique.

Moreover, by construction of b, 7 is a group homomorphism. Then 7 is a Lie group morphism.

Let a € ker(w) and h € H, whose path « is the path starting from e to h. Since the kernel is normal,
we can define a continuous path 7 : I — ker(7), v(t) = a(t)a(a(t))~!. This must be constant because
the kernel (fiber) of a covering map is discrete. Hence hah™! = v(1) = v(0) = a. Thus ah = ha. [

2.1.15 Example (Universal Cover of SL(2,R)). SL(2,R) has to be connected because it can be identi-
fied with S = S xR~ xR. Indeed, the Iwasawa decomposition states that every element M € SL(2,R)

®Also smooth.
This second lifting is a loop as « is a loop. To see it, w(y) and L, () are joined by a path, let say . Then
(moa)xe =¢ex (L) omoa). Checking carefully the right starting point of the lifting, the lifting £ of ¢ is also a loop.
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is written uniquely

M= (COSH _Sln9> (g a01> <(1) l{) with 0 € [~7,7]/{-7 ~ 7}, a >0, u e R.

sin@ cosf

Moreover, this identification is a smooth correspondence from S to SL(2,RR). Conversely,

M= (mﬂ m”) € SL2,R) — (atan2”(ma1, 1), \/m3; +mdy, T * T2 e,

2 2
ma1  MM22 mi; + my;

Then SL(2,R) is diffeomorphic to S, which is not simply connected.

Let us call f: S — SL(2,R). This identification can give us the universal cover of SL(2,R), S =
R x Rsg x R. The covering map is

m: RxRso xR — SL(2,R)
(0,a,u) — 7r((0,a,u))=<

acos@ aucosf —a tsind
asin® ausinf +a tcosf )"

Proposition 2.1.14 says R x R<y x R has a unique group structure to make it a Lie group and «
a Lie group morphism, if we fix e = (0,1,0) € 7 !(I3) the identity. One can define and lift the
operation from SL(2,R), as in the proof. The idea is that there is a group structure w on S making
f:(S,w) — SL(2,R) an isomorphism of groups. Then, the unique group structure on S doing the
job is the lift of w.

About another concrete example, one can reconstruct the group law in R"™, if we consider the covering
map 7 : R® — T™ (torus). But choosing (0,0,0) € 7~ *(e), we recover the classical group operation
in R™.

2.1.16 Example (Universal cover of SO(3,R)). Let's start by defining the Pauli matrices

0 1 0 —2 1 0
P1 = (1 0), P2 = (Z OZ>, P3 = (0 _1> c MQ((C)

As they are linearly independent,

A:R® — V =spanc{P, P, P3}
(x1,22,23) +— A((x1,22,23)) = 1P + 22P> + x3P3,

is an isomorphism. Noticing P,f =1y and P,P, = —P P for k #£ 1,
Tr (PyP) =20 = Tr(A(2)A(y)) =2 < z,y >.

So, g: V2 — R, (u,v) — 3 Tr (uv) is an inner product (metric) that makes A an isometry.

Next, for any U € SU(2) = {M € My(C) : det(M) = 1,UTU = L}, let's define U : V — V,v
UvU~L. It is well-defined, because V is the set of all matrices X in M3(C) that verifies X1 = X and
Tr (X) = 0. It is an isomorphism and ¢(U(v),U(w)) = g(v,w). Then it is an isometry and A~1UA

Tatan2(y, x) is the angle between the z-axis and OP, for P = (;) It is continuous as we identify —m ~ 7 and is

. mi\ .
defined as long as is nonzero.
ma1
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is a linear isometry of R3. Then we have a map é from SU(2) to O(3,R). One can check also, it is
continuous and I = I3, then the range of ¢ is a subset of SO(3,R). Hence, we have

¢:SU(2) — SO(3,R)
U +— ¢U)=U.

Recall that SU(2) is not a complex Lie group but it is a real Lie group. Its real structure is the universal
cover of SO(3,R). We just need to see SU(2) is simply connected and ¢ is a covering map, the group
operation in SU(2) coincides with the one we construct in Proposition 2.1.14. Being a group morphism
is straightforward as

T102(v) = T (T2(v)) = $(UiUs) = A" TITHA = (A'T1A) (A TRA) = ¢(U1)d(U).

a+1ib cH+id

—c+id a—1b
a,b,c,d € R. Then SU(2) is homeomorphic to S, which is simply connected. We can prove that it is
a covering map but | think it is a heavy computation by the known formula, using quaternion group:
Euler—Rodrigues formula. We will not present it this way but use an important theorem to see it.

Also, UTU = I, and det(U) = 1 means U = ( ) ,a? + b2+ 2+ d? = 1 for some

2.1.17 Theorem. Let 7 : G — H be a morphism of connected Lie groups. m is a covering map if
and only if (dm) is an isomorphism, for all a € G.

Proposition 2.1.6 tells us that (dm)_is an isomorphism, for all a € G is equivalent (dr), being an
isomorphism, for for some a € G.

Proof. If 7 is a covering map, then it is a local diffeomorphism. So, (dw)a is an isomorphism. Conversely,
assume (dm)_is an isomorphism for any a € G. By the Inverse Function Theorem, there are V' and
W neighbourhoods of the identity of G and of H such that 7 restricted on V is a diffeomorphism
onto W. By connectedness, each element y € H can be expressed using the elements in W, then y
is in the range of . So 7 is surjective. For any y € H, 7~ !(y) is discrete because otherwise there
would be = € 7= !(y) such that 7 is constant (y) near z, which contradicts the fact that it is locally a
diffeomorphism. Let's call J = Ker(n), a discrete set. For any y € H and = € 7~ 1(y),

acnl(y) < 7(a) =n(xr) < z'a € Ker(r), hence 771 (y) = z.J.

Also, there are V,; and W, open neighbourhoods of = and y such that 7 : V,, — W, is a diffeomorphism.
Clearly, for any a € .J, aV, is a subset of 7= 1(W,). If g € 7~1(W,), then 7(g) € W,, so 7(v) = 7 (g)
for some v € V.. So a:=gv~! € Kerm and g € aV,. Hence, 771 (y) = ||,c; aVz. The disjoint union
comes from the fact that if there is g € aV, N bV,, namely ¢ = au = bv for some u,v € V,, then
m(u) = m(a)m(u) = 7(b)w(v) = m(v), hence a = b. Finally, for any a € J, 7 : aV, — W, is also a
diffeomorphism as a composition of L,-1 and 7 : V, — W,,. Ul
2.1.18 Example (Continue). This theorem allows us to complete Example 2.1.16. We have proven that
¢ is a Lie group morphism. We claim first that 7.S0(3,R) = {M € M3(R) : M = —M}. Indeed, if
MT = —M, then (eM)" (etM) = tM"+M — 0 — 5 As det(e™) > 0, then v(t) = '™ is a curve
on SO(3,R), since det(e!M) = ¢1* CORN 0, starting at I3. Then M = +/(0) € T.SO(3). Conversely,
if M € T.SO(3,R), there is a curve v(t) € SO(3,R) starting at I3 such that 4/(0) = M. One can

vt = (4 W(t))T with the product rule in Lemma 2.1.13,
t=0

differentiate ()T y(t) = I3, using %

t=0
in a clever way, we get

M+ MT =~ 0)70)" + 40"y (0T =0 = MT = -M.
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We do the same reasoning to get T,SU(2) = {X € M3(C) : XT = —X,det(X) = 1}. We will
generalize this later, but for now, we compute them directly.

On the other hand, we can write directly

d

(U (@) =A~ (UA@U™) = ((de), (M) () = —

d
A—l tMA —tM\ _ A_l et

t=0
Then ((dg),(M))(z) = A~ (MA(z) — A(z)M).

It is clear that {iPy : k = 1,2, 3} forms a basis of 7.SU(2). One can compute P, P;— P, P, = 2icpim® P,
for m # k,l. Then, by linearity,

((dgf))e(lpk)) (.T) = Z 2$1A71(Z’28kllpm) =2 Z ElkmT1Em — 2x A CL. (2.1.4)
1m#k,l 1,m#k,l
0 0 0 0 0 —2 0 20
— (d(ﬁ)e(ZPk) =N, Ni1=]0 0 2|, N=1|0 0 0 , N3=1-2 0 0 (2.1.5)
0 -2 0 2 0 0 0 00
Clearly, (Ny) is a basis of T,SO(3,R). Then (d¢)_ is an isomorphism and ¢ is a covering map.

Proposition 2.1.14 provides us with further examples of Lie groups. We have another way, somehow its
inverse: assume we have I a subgroup of a Lie group H, when the quotient H/I" is nice enough to be
a Lie group.

2.1.19 Proposition. Let H be a Lie group with center Z(H) and let T be a discrete subgroup of Z(H).
Then H/T" has a unique group structure making it a Lie group and the quotient map a covering map.

The idea of the proof is to consider the action of I' on H given by ~v - h = hvy. This action is free and
proper, so the quotient manifold Theorem 1.4.1 is applicable.

Note that if I is just a normal and closed subgroup, we can still obtain a Lie group structure on the
quotient H/T", making the quotient map a Lie group morphism. This follows from a result that we skip,
concerning the Homogeneous Space Characterization Theorem, found in ( ) (Theorem 21.18).

2.2 Representation of Lie groups

For a group G and a vector space V, a representation of G is a group homomorphism p : G — GL(V).
Now, in our case the group has more structure, so we also require smoothness in order for it to be
a representation of a Lie group. A subspace W C V is called G-invariant or a subrepresentation if
p(g)W C W for all g € G. The representation is irreducible if its only subrepresentations are {0} and
V. A morphism between representations (V,p) and (W, p') is a linear map T : V' — W such that
Tp(g) = p'(g)T for all g. The classical background and constructions (sum, product, tensor, etc.) can
be found in some of our references ( ), ( ). We just recall Schur's lemma:
if V, W are irreducible representations, then any morphism 7" : V' — W is either zero or an isomorphism.

2.2.1 Adjoint representation of Lie group

Proposition 2.1.10 tells that any neighbourhood of the identity of a connected Lie group can determine
entirely the Lie group. This leads us to study the tangent space at the identity.

8This is the Levi-Civita symbol, which is 0 if two indices are equal and is the signature of the permutation (klm)
otherwise.

etMA(m)e_tM).



Section 2.2. Representation of Lie groups Page 17

Firstly, let 1, be the inner automorphism of G, v¥,(h) = ghg~'. Next, Ad is defined as
Ad: G — GL(T.G)
g — Ad(g) = (dibg)e.

The fact that 15, = 104 0 1)y, and the functoriality of differentiation ensures that this is a representation
of GG on its tangent space at the identity. This is called the adjoint representation of G.

2.2.2 Lemma. Let p: G — H be a Lie group morphism. Then
(a) p respects the conjugation action, i.e. p oty = 1,4 0 p;
(b) p respects the adjoint action, i.e. (dp). o Ad(g) = Ad(p(g)) o (dp)e.

Proof. (a) is straightforward. We use it together with the functoriality of differentiation to get (b). [

We want to see that a Lie group morphism whose domain is connected is uniquely determined by its
differential at the identity. To get it, let’s define again

ad = (dAd). : T.G — End(T.G) and L(X,Y) := ad(X)(Y). (2.2.1)

2.2.3 Proposition. The L : T.G x T.G — T.G, defined in (2.2.1), is a skew-symmetric bilinear map
and verifies the Jacobi identity’. Moreover, if p : G — H is a Lie group morphism, then it respects
the adjoint action, i.e.

(dp) (L(X,Y)) = L((dp) (X)), (dp) (Y))-

Proof. Let's go step by step. First

Ad@)(B(0) = 5| 9Bty € TG
t=0
— ad(a/(0))(8'(0)) = % % a(s)B()a(s)"! € TT.G) = T.G (2.2.2)
s=0 t=0
= AW (@' O)F ) = | G| ha()ia(s) ! € TG
= ad/ ) (@ O)FO) = 7| | G| Ara@snal) ) € TG =T

(2.2.3)
Let's see them as derivation. Consider the curves (by abuse of vocabulary) (I. = (—¢,¢)),
0: 1. xI. — @G, w:l, xI. xI, —G

(s,) = a(s)B(t)a(s) ™", (r,5,8) = y(r)a(s)B(t)a(s) " y(r) "

Let f € C*°(G), we are interesting in what is (ad(c/(0))(5(0))) f.

%see definition (2.3.1)
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(wﬂa%WXﬁTme=ii_mitﬂf05@¢):(it_wi gedtnn
d . d
= tZOF(t) if F(t) = T S:Of 0d(s,t) = (d(f o 6(—,1))),
:% <(d(f omg o (a, gy, inv o a))0>, where cg(y) is constant map
=0
:% =0 <(df)3(t) © (dmg)(e,ﬂ(t),e) (O/(O)a 0, _0/(0))> by (2.1.2)
:% » (A1) 5 (o (0)B(1) - ﬁ(t)af(o))> by (2.1.1)
il & (fewsm) - feeac). (224)

This shows the skew symmetry. To see the Jacobi Identity, we do the similar machinery to get

d

dt

@
1=0ds

a
s—odr

(ad(v’(O)) ( ad(a'(O))(ﬁ’(O)))> f=

(F(r(r)a(s)8() = F(r)BH)a(s))

r=0
+ F(B(B)a(s)1(r) = f(al(s)BHY(r))).

We can compute now and get

ad(7'(0)) (ad(’(0))(8'(0))) f + ad(a’(0)) (ad(8'(0))(7/(0))) f + ad(8'(0)) (ad(v'(0))('(0))) f = 0.
Now, let p: G — H Lie group morphism. Equation (2.2.2) gives us

d| d
“ds|_jdt
d| d
“ds|_dt

(dp), (ad(a’(0))(8(0)))

_ )8wat) ™) e Tt

((pLa(s)) (o(8E)) (pla()) ™)

t=0
d d

=ad( - Szop(a(s))) (5 tzop(/@(t)))

=(dp), (ad(c/(0)))(dp)  (ad(8'(0))). (2.2.5)

Hence p respects the adjoint action. One can also obtain this directly from Lemma 2.2.2(b). O

2.2.4 Example. Let G be a linear Lie group. For fixed A in G, o(M) = AMA~!. Identifying T.G
by a linear subspace of T,GL(n,R) = M,,(R), for any A € G and X € T.G :

Aexp (tX)A™! = 4 AXexp (tX)A™ = AXA™L

Ad(A)(X) =— » atl,_,

dt

Now, for Y € T.G:

aanoozito

=YX - XY.

(exp (tY)X exp (—tY)) = ((CZ exp (tY)) X exp (—tY) + exp (tY)X(% exp (—tY)))

t=0
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2.3 Lie algebras

2.3.1 Definition (Lie Algebra). Let K be a field. A Lie algebra over K is a vector space V' over K
together with a Lie bracket [—, —], namely a skew-symmetric K-bilinear map which satisfies the Jacobi
identity

VX,Y,ZeV: [X,[Y,Z]]+[Y,[Z,X]]+[Z,[X,Y]]=0. (2.3.1)

Now, a Lie algebra morphism is a linear map between Lie algebras that respects the Lie bracket.

2.3.2 Example. Proposition 2.2.3 shows us that T.G with ad is a Lie algebra and any Lie group
morphism induces a Lie algebra morphism by taking its differential.

2.3.3 Definition. A Lie subalgebra h of a Lie algebra g is a linear subspace that is closed under the Lie
bracket. An ideal £ of g is a subalgebra such that forany X ¢ tand Y € g, [X,Y] € L.

2.3.4 Example. It is straightforward to see that the set of vector fields on a manifold M, X(M), is
a vector space. For X,Y € X(M), X oY may not satisfy the product rule, but X oY —Y o X is a
vector field on M. It is not hard to check that [X,Y] := X oY — Y o X is a Lie bracket on X(M).
Thus we get a Lie algebra.

Now let's assume that G = M is a Lie group. We mean by a left-invariant vector field a vector field
X € X(G) such that for any g,h € G,

(dLg),(Xn) = Xgn  (or simply (dLy)(X) = X).

Again, it is clear that the set of left-invariant vector fields £(G) forms a linear subspace of X(G).
Moreover, for f € C*°(G) and X, Y € £(G),
(L), (X, Y] f =([X, Y)(f 0 L)) (h) = (X (Y(f 0 Ly)) = Y (X(f 0 Ly)) ) ()
=(X((aLy) () | () = (Y (L) (X)) | (5)

gh
=(X(V(£)(gh) = (Y (X())(gh) = [X, Y]gnf.
Thus [X, Y] is also left-invariant. Hence £(G) is a Lie subalgebra of X(G).

Now, there are two Lie algebras associated to a Lie group. We want to see that they are the same.

2.3.5 Lemma. For a Lie group G and v = o/(0) € T.G, X = X®) defined below in (2.3.2), is the
unique left-invariant vector field on G such that X, = v.

X(f):G — R

g — X(N)(g)=2 (23.2)

In other words, X (g) := (dLy)_(v).
Proof. Clearly X, =v. Let g,h € G and f € C*(G).

(L), (X0)) = Xn(F 0 Lg) = (X(Fo L)) (h) = %] Flgha(t) = X(£)(gh) = X

t=0
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Then X is left-invariant. Now let Y € £(G) such that Y, = v = X,. Take arbitrary g € G.
Yy =Y = ((dLQ)e(Ye)) = ((dLg)e(Xe)) = Xge = Xy

Hence a left-invariant vector field is uniquely determined by its value at the identity. O

So far, this lemma tells us that, as sets, T.G and £(G) are equivalent. Moreover,

2.3.6 Proposition. The correspondence constructed in Lemma 2.3.5

F: (T.G,ad) — (£(G),[—,—))
Vo d(0) — Flo = al(0) = X

gives us an identification (isomorphism of Lie algebras) between T.G and £(G).

Proof. The bijection is trivial. We use the uniqueness in Lemma 2.3.5 to get linearity. Now let v = &/(0),
w=3(0) and X = F(v), Y = F(w). Using (2.3.2), for any f € C(G) we have

d

VIef =(XY (D) =Y (X)) = (7| Y®) = (Z]  XDEE))
d d d
:(a — (a(tm(s))) - (2 @ tzofw(s)a(t)))
:(adv )f by (2.2.4).
Hence F(ad(v)(w)) = (w)]. O

The composition of Lie algebra morphisms is clearly a Lie algebra morphism. Then we can talk about
isomorphisms of Lie algebras and the category of Lie algebras LA. For example, Proposition 2.3.6 gives
the isomorphism between (T.G,ad) and (£(G),[—,—]). On the other hand, we have established a
functor (it clearly respects composition and identity)

T: LG — LA (2.3.3)
G — T(G) = (T.G, ad)

(dp)

G- H— T, — T.H.
2.3.7 Remark (Product). Given Lie algebras g and b, one can define a bracket on g x h by
(X1, X2), (Y1, Y2)] = ([X1, V1], [X2, Ya)).

Clearly, this is a Lie bracket and makes the projections Lie algebra morphisms. Moreover, it is straight-
forward to see that for any pair of Lie algebra morphisms g : a — g and h : a — B, the unique map
that commutes with the projections g x h is also a Lie algebra morphism. Hence, it is the abstract
product of Lie algebras.

The functor T respects products because T{, (G x H) = T.G'x T, H and for any o/ (0) = (a(0), 5(0))
and 5'(0) = (31(0), 35(0)) in Tie,e)(G x H), using (2.2.2),

0501 =7 | G| (@) x50, BB) o0 (s), 02(s)
=G, e@ama@ L] El s

([ () 1(0)]; [25(0), B5(0)]).
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2.4 Correspondence between Lie groups and Lie algebras

So far, we have the functor T, defined at (2.3.3), from the category of Lie groups to the category of
Lie algebras. Also, it is straightforward to see that Lie subgroups correspond to Lie subalgebras by
considering the inclusion and differentiating it, giving an injective Lie algebra morphism.

2.4.1 Proposition. If H is a Lie subgroup of GG, then h = T, H is a Lie subalgebra of g.

We also want to see the converse of this fact: given a Lie algebra, is there a Lie group that corresponds
to it? Given a Lie algebra g coming from a Lie group G, what information can we get about G from
g? We will see that there is a correspondence between Lie subalgebras and Lie groups, under a small
adjustment.

This objective provides a more convincing definition of a Lie subgroup. We know that 7,.(S! x S1) = R?
and it is straightforward to see that the bracket from an abelian group is trivial. Then the subalgebras
are all the lines passing through the origin. One can show, in the same way we did with Example 2.1.8,
that only those with rational slope are embedded. Then, the correct definition of Lie subgroup should
be the immersed one. So, why have we fixed this? If we say only Lie subgroup, we mean immersed.

This part is just motivation, but we need to study the exponential map to have tools for the completion
of the correspondence.

A representation of a Lie group is a Lie group morphism from G to GL(V'). This induces a Lie algebra
morphism from 7.G to gl(V'), which we call a representation of T.G. More generally,

2.4.2 Definition. For a Lie algebra g and a vector space V, a representation of g is a Lie algebra
morphism ¢ : g — gl(V).

2.4.3 Proposition. Let (p, V') be a representation of a Lie group G and (¢, V') the induced represen-
tation of the Lie algebra T.G. Then (p, V') is irreducible if and only if (i, V') is irreducible.



3. Exponential map

In this chapter, we construct the exponential map on a Lie group and study its properties. This is
a totally algebraic definition, without choosing a metric. We are interested in situations where this
exponential map coincides with the exponential map in a general Riemannian manifold. This occurs
in certain cases where the Lie group admits a bi-invariant metric. For left-invariant metrics only, the
situation remains interesting, since one can define Cartan connections which, as we will see, give rise to
many important classes of curvature.

3.1 Exponential map and its first consequences

3.1.1 Definition. Let GG be a Lie group. A one-parameter subgroup of G is a Lie group morphism
v:R— G.

First, we recall that for any vector field X on a manifold M, p € M and v € T,,M, there is a unique
smooth curve a: I. = (—¢,e) — M such that

a(0)=p; (0)=v and X(a(t))=d(t).

Namely, « is an integral curve of X starting at p with initial velocity v.
Also, another fact is that such a path can be extended smoothly to all ¢ € R if X is a left-invariant
vector field on a Lie group G.

3.1.2 Lemma. Let y: I — G be a smooth curve such that 0 € I and (0) = e. +y is a one-parameter
subgroup if and only if 7y is an integral (maximal) curve of a left-invariant vector field.

Proof. Let y be a one-parameter subgroup. We consider X (g) = (dL,)_7'(0). Then X is left-invariant
and X (y(t)) = (dLy) 7' (0) = /(). Conversely, assume that v : I — G is an integral curve of
a left-invariant vector field X. We shall first prove that v(s +t) = v(s)v(t). To show it, fix s, and
consider a(t) = v(s +t) and B(t) = v(s)y(t). Clearly a(0) = 3(0) = ~(s); also X («(t)) = &/(t) and
p(t) = (dL'y(s))v(t)X(’Y(t)) = X (v(s)y(t)). The uniqueness of integral curves starting at ~y(s) with
the same velocity gives us the equality & = 3. Now, if we assume I = (a,b) (or I = (a,b], etc.), take
s =b—¢e € I for very small £ and we can define (s + 2¢) = v(s)v(2¢). In particular, we can extend
~ to have I unbounded above. The same reasoning shows that I is unbounded below. By maximality,
I =R. O

This lemma implies that for any v € T.G there is a unique one-parameter subgroup ~, such that
v,,(0) = v. This important fact leads us to the definition of the exponential map.
3.1.3 Definition. The exponential map on a Lie group G is defined as

exp=expg:9=1.G — G
v > exp = expa(v) =1 (1).

3.1.4 Proposition (Naturality of the exponential map). For any p: G — H, Lie group morphism,

expy o(dp), = poexpg .

Proof. We note that, for v € T.G, po-y, is a one-parameter subgroup of H with initial velocity (d,o)e(v).
By uniqueness, y(dp) () = PO Thus the result. O

e

22
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Also, one can get

d

(d exp )0 (u) I

-2 ult) = 7(0) = u

t=0

d
Vtu ( 1) =
t=0 dt

That means (d exp)o is the identity, hence an isomorphism. So, there are open sets V' of g containing
0 and W of G where expg : V. — W is a diffeomorphism.

3.1.5 Corollary. If G is connected, any Lie group morphism p : G — H is uniquely determined by its
differential at the identity (dp)

o
Proof. Since there are open sets V' of g containing 0 and W of G where exp; : V. — W is a
diffeomorphism, the naturality of the exponential map gives uniquely the value of p on W from (dp)e.
Hence Proposition 2.1.10 gives us the conclusion. O

Next, let's try to see some obvious fact about the exponential map. For any v € T.G and X € R,
% Yo (At) = Av. By uniqueness, v, (t) = 7, (At). So, t — exp(tv) is a one-parameter subgroup of

t=0
G, for any v € T.G. Conversely, if E : T,G — G is a smooth map such that the differential at 0 is
the identity and for any v € T.G, E,(t) := E(tv) is a one-parameter subgroup, we have E/ (0) = v and

expe(v) = Eo(1) = E(v).
3.1.6 Example. Recall that for any M € M, (R)!, ||[M*||s < |[M]|5. Then the norm M =

S kso 21 M* is bounded by elMll2, which tells us the well-defined definition of exponential of matri-

ces. We also know that it verifies det(e?) = e™* (4) # 0. Then eM € GL(n,R). Considering it as a
map from T.GL(n,R) = M, (R) to GL(n,R), it satisfies that the differential at 0 is the identity and
for any M € M, (R), t — €™ is a one-parameter subgroup. So, the exponential map for GL(n,R) is
just the exponential of matrices. The same reasoning is valid for all linear Lie groups.

3.1.7 Proposition. Let F': G —> H be a group morphism between Lie groups. If F'is continuous,
then F' is smooth.

Proof. Let v : R — H be a continuous group morphism. Let W be an open neighbourhood of 0 in
T.H that makes the restriction of expy a diffeomorphism. There is V' an open neighbourhood of 0
such that 3V C W. Also there is ¢y € R* such that v([—to, to]) C expy (V). Then ~(ty) = expy (o)
for some zo € V. As expy, is a diffeomorphism, expy;' exists on 2expy (V),

expy (2expy; (v(%§

= exp(zo) = () = exp(%§) € exp(V)
= expy (2expy (1(3% t v

(o)
) =1(3) = exp(F) = 7(}) = exp(}) € exp(V)
) =exp(z) VneN
= Y(gito) =(v(3%))" = (exp(3h)" = exp(3i20) Ym €N
= ) srg) Vs € R by density of (37) ~€R
) 2oty VteR.

Hence ~y is smooth. Now let (x;)%, be a basis of T.G and define a smooth map,

e:R* — G
u — e(u) =expg(uizt)expg(ugesa) - - - expa(uny).

!Similarly for M., (C).
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One can compute that (ds)o(u) = % e(tu) = w1 Xy + ueXo + -+ + upX,. Then (ds)o is an

isomorphism. Then there are neighbourﬁooods U and V of 0 and e where ¢ is a diffeomorphism. On
the other hand F oe = F1F,--- F,, where each Fj(u) = F(exp(ugxg)) is a smooth map, as it is
continuous. Then F o ¢ is smooth. Near the identity, ' = (F o) oe~! is smooth, precisely on V.
Using the fact that L, is a diffeomorphism, F' is smooth everywhere. O

Moreover, the exponential map is also a tool to understand the correspondence of subgroups.
One can see that if H is a Lie subgroup of G then

T.H ={veT.G:VteR:expg(tv) € H}. (3.1.1)

If b is a Lie subalgebra of g = T, G, the exponential map can tell us a subgroup of G which corresponds
to h. To see it, let's start with some important facts.

3.1.8 Theorem. If G is a Lie group and X,Y € T.G, then
(a) exp(tX) exp(tY) = exp (H(X +Y) + 5[X, Y] + O(t) );
(b) exp(—tX)exp(—tY)exp(tX)exp(tY) = exp (t*[X,Y] + O(t3));
(c) exp(tX)exp(tY)exp(—tX) = exp (tY + t3[X,Y] + O(t3)).

The proof can be found in Spivak (1970), Theorem 14 of Chapter 10.

3.1.9 Theorem (Baker—Campbell-Hausdorff). Let G be a Lie group with Lie algebra g = T.G and
exponential map exp : g — G. For X, Y € g sufficiently small there exists a unique element Z € g such
that

exp(X) exp(Y) = exp(Z2).

Also:

Z=X+Y + %[X,Y] + %[X, [X;YH - %[Yv [ny]] - i[Y7 [X7 [Xva o

and the RHS is a convergent series.
This is a classical result, we will not prove here. It can be seen in any reference that contains Lie theory.

The naturality of the exponential map is very powerful. There are small neighbourhoods U of ey and
V of eg where expg : V — V and exp[_{l : U — U are diffeomorphisms. From the naturality, if a
Lie group morphism ¢ : H — G is injective, then (d(p)e is injective on U, hence injective on all T,H.
By Proposition 2.1.6, it is an immersion. Consequently, ¢(H) is a Lie subgroup of G.

3.1.10 Theorem. Let G be a Lie group and b a Lie subalgebra of T,G. Then the subgroup H, generated
by exps(h), is a Lie subgroup of G and its tangent space is exactly b.

Proof. Let H be the subgroup generated by exps(h) in G. Let A be a small ball centred at the origin
in g where the BCH formula is valid and expg : A — exp(A) is a diffeomorphism. Notice that H is
generated by a neighbourhood of e, Hy = exp(A NH). Since H(;l = Hy, we have H = Jpen HE. We
can put a topology 1) on Hj that makes A Nk homeomorphic to Hy, via exp (this must be the one
induced from G). One can also notice that HyHy Nexp(A) = Hy (recursively H Nexp(A) = Hy).

H has a topology such that 7y is the induced topology on Hy and all left translations L; are homeo-
morphisms. With this topology, there is a unique smooth structure on H in which the translations are
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also diffeomorphisms and the structure restricted to Hy is the same as the one from (. Noticing that
b is a submanifold of g, A Nk is a submanifold of A, hence Hy is a submanifold of exp(A), and thus
a submanifold of GG. So the differential of the inclusion H < G is injective at the points of Hy, and
therefore at any point, since translations are diffeomorphisms. Moreover, clearly T.H =T, Hy=4. O

Now, one can ask whether any Lie algebra morphism between tangent spaces of Lie groups comes from
a Lie group morphism. In other words, is the functor T defined at (2.3.3) full?

From Example 2.1.18, (d¢)_ is an isomorphism from T.SU(2) to T.SO(3,R). Then f = (dgzb)e_1 is an
isomorphism from 7.S0(3,R) to T.SU(2). If it comes from a Lie group morphism ¢ : SO(3,R) —
SU(2), ¢ has to be a covering map by Theorem 2.1.17. That is a contradiction because SU(2) is simply
connected but SO(3,R) is connected but not simply connected. Hence, T is not full.

3.1.11 Theorem (Lie's Second Theorem). Let G, H be two Lie groups, with G simply connected, and
let ¢ : T.G — T.H be a Lie algebra morphism. Then there exists a unique Lie group morphism
¢ : G — H such that (dy)_ = ¢.

Proof. The graph of ¢, graph(¢), is clearly a subspace of T, (G x H) = T.G x T.H. It is closed
under the bracket, since ¢ is a Lie algebra morphism, hence it is a Lie subalgebra. By Theorem 3.1.10,
there exists K, a Lie subgroup of G x H, such that T{, ) K = graph(¢).

The differential of the projection m : K — G at the identity can be identified with the projection
71 of graph(¢) onto T.G, which is an isomorphism. Then 7 is a covering map, and necessarily an
isomorphism of Lie groups because G is simply connected. Now define p = 750 7r1_1, whose differential
can be identified with 75 o 7?1_1 = ¢. O

The main ideas of the proofs of Theorems 3.1.10 and 3.1.11 are mostly taken from

( ). We have tried to provide details and solve some steps that the author left as exercises. As
a comment, from Theorem 3.1.10, the connected component of the identity of such H is the unique
connected Lie subgroup H' that satisfies T,H' = b because H’' has to contain exp(h). Another
important consequence is Lie's third theorem. First, let's state Ado's theorem.

3.1.12 Theorem (Ado’'s Theorem). Let g be a finite-dimensional Lie algebra over a field K of char-
acteristic zero (e.g., R or C). Then there exists a finite-dimensional vector space V' over K and an
injective Lie algebra homomorphism

p:g—gl(V).
The proof of this theorem is given as an appendix in ( ), Appendix E.

3.1.13 Theorem (Lie's third theorem). Every finite-dimensional real Lie algebra g is the Lie algebra of
some simply connected Lie group.

Proof. Ado's theorem tells us that g is isomorphic to b, which is a Lie subalgebra of gl(R")
T.GL(n,R). By Theorem 3.1.10, there is a connected Lie subgroup H of GL(n,R) such that T.H = h.
Then the universal cover of H is the candidate.

o= |

We get now that the functor T induces an isomorphism of categories between the category of simply
connected Lie groups SCLG and the category of finite-dimensional Lie algebras FLA.
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3.2 Some words on classifications

In this part, we discuss some initial classification of Lie algebras. Basically, we just state some definitions
with main propositions and some proofs.

If we ask ourselves when a connected Lie group G is simple (has no non-trivial normal subgroup), it is
not always easy to check. But the Lie correspondence allows us to study the associated Lie algebra.
First, let H be a connected Lie subgroup of G. If it is normal, then for any v € T.H and w € T.G,

a| 4
dt|,_,ds

So T.H is an ideal of T.G. The converse is also true. Indeed, let T,H be an ideal of T.G and u € T . H,
a € G. Considering the conjugation ¢, : H — G and the naturality of the exponential map we get

v(t, s) = expg(sw) expg(tv) expa(—sw) € H,y(0) =e = [u,v] =

(s, t) € T.H.
s=0

aexpy(tX)a™! = expg (Ad(a)z) € H.

So aHa™' C H holds in a neighbourhood of H, and by connectedness it holds on all H.
Now, the natural way to define a simple Lie algebra is a Lie algebra with no non-trivial ideals.

Another trivial fact is that if G is abelian then T.G has bracket zero everywhere. Moreover, if T.G
has bracket zero then expg(u) expg(v) = expg(u + v) = expg(v + u) = expg(v) expg(u). Then G
commutes in a neighbourhood of G. Again, by connectedness, it commutes everywhere. So the right
definition of an abelian Lie algebra is having zero bracket.

There are some classes of Lie algebras still interesting even though they are neither simple nor abelian.

3.2.1 Definition. Let g be a Lie algebra. The lower central series Dj,g and the derived series DFg are
defined recursively as follows: Dog = D'g = g,

Drg = [9,Dx—19] and DFg = [Dk’lgj’pkflg].

Clearly D*g C Dyg. It is also checkable that they are ideals.

3.2.2 Definition ( ( )).  (a) We say that g is nilpotent if D¥g = 0 for some k.
(b) We say that g is solvable if D*g = 0 for some k.
(c) We say that g is perfect if [g,g] = g.
(d) We say that g is semisimple if g has no nonzero solvable ideals.

3.2.3 Theorem (Engel's Theorem). Let g C gl(V') be any Lie subalgebra such that every X € g is a
nilpotent endomorphism of V. Then there is a nonzero vector v € V such that X (v) =0 for all X € g.

Proof by induction on n = dim(g). For n = 1, it suffices to take a basis X and the smallest positive
integer k satisfying X* = 0 (this k£ must be greater than 1, otherwise X = 0). Then thereis v € V' \ {0}
such that X*~1(v) = 0. This v does the job.

Now assume dim(g) > 2. Let h be a maximal proper Lie subalgebra of g. ad(H) induces an endomor-
phism of g/h because b is a Lie subalgebra of g. Set W :=g/h and € := {ad(H) : W — W, H € h}.
Clearly € is a linear subspace of gl(WW') that embeds in ), hence has dimension at most dim(h) < dim(g).
Notice that

fad(H), ad(H'))(x) = [H, [H',]] — [, [H,z]] = ad([H, H'))(z),

for any x € g. It induces the same equality in W, hence ¢ is a Lie subalgebra of gl(1¥). By induction,
there is nonzero X € W such that for any K € £, K(X) = 0. That means there is X € g\ b such
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that for any H € b, ad(H)(X) € b. By maximality of b, (h, X') = g, hence b is an ideal of codimension 1.

Now we use induction again to show that the linear subspace
U:={veV: VHebh Hv) =0} # {0}
We have X[U] C U. Indeed, for all w € U and H € b,
H(X(u)) = X(H(u)) + [X, H|(u) =0,

€ U. As X is nilpotent on V, then it is also nilpotent on U. So there is 0 # v € U

which implies X (u)
= 0. OJ

such that X (v)

This gives a characterization of nilpotent Lie algebras g: it is necessary and sufficient that ad(X) € gl(g)
is nilpotent for any X € g.

3.2.4 Corollary. A nilpotent Lie algebra g is isomorphic to a subalgebra of the nilpotent Lie algebra in
gl(m,R) of upper triangular matrices with zeros along the diagonals.

It is a consequence of Ado's theorem and Engel’s theorem.

3.2.5 Theorem (Lie's theorem, ( )). Let g C gl(V) be a complex solvable Lie
algebra. Then there exists a nonzero vector v € V that is an eigenvector of all X € g.

The proof is similar to Engel's theorem. To get an ideal of codimension one, we can consider the
quotient map 7 : g — g/[g, 9], with abelian codomain. Just take a non-trivial linear functional
f:9/l9,8] — K and h = Ker(f o) is an ideal of codimension one. By induction the linear subspace
U:={ueV: VHEeH H(u) =Agu} # {0}. Now we take X € g\ b and claim that X (v) = Au,
for some u, to conclude there is v # 0 in U that is an eigenvector’? of X |y .

From this theorem, we can say that for any solvable Lie algebra g C gl(V), there exists a basis of V
where g is a Lie subalgebra of upper triangular matrices.

3.2.6 Proposition. A Lie algebra g is solvable if and only if the Killing® form is zero on the commutator
[g, 9], if and only if [g, g] is nilpotent.

3.2.7 Theorem (Cartan's Second Criterion). A Lie algebra g is semisimple if and only if the Killing
form is nondegenerate.

3.2.8 Theorem (Preservation of Jordan Decomposition, ( )). Let g be a semisim-
ple Lie algebra. For any X € g, there exist X5 and X,, € g such that for any representation
w:g— gl(V), we have

(0(X)), = ¢(Xs) and (p(X)), = p(Xn).

In other words, if we think of p as injective and g accordingly as a Lie subalgebra of gl(V'), the
diagonalizable and nilpotent parts of any element X of g are again in g and are independent of the
particular representation p.

2Because we are in the complex case.
3See definition 3.3.6.
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3.3 Relation with the exponential map in Riemannian manifolds

One natural question is why it is called the exponential map. When does it coincide with the definition
in a Riemannian manifold, Exp,? In this section, we will discuss the importance of having a bi-invariant
metric, which guarantees that both exponential maps are the same.

Let us first note that if they coincide for some metric <,> on G, then Exp, is defined everywhere.
Hence, by the Hopf—Rinow theorem, it is surjective if G is connected. Therefore, if the exponential map
exp¢ is not surjective, we cannot expect to find a Riemannian metric on GG such that Exp, = expg.

The reference that inspired me to write this part is ( ).

3.3.1 Example. Recall from Example 3.1.6 that, for a linear Lie group, the exponential map is the
matrix exponential. Also, using the relation (3.1.1), any element in h = T,SL(2,R) is of the form

A= (Z —ba>' We can see that there is no A € b such that e = X, where X = <_01 _11>

Otherwise, AX = X A, which implies a = ¢ = 0. Then e = A, a contradiction. This tells us that
the exponential map is not surjective. Therefore, we cannot put a metric on SL(2,R) making the two
exponential maps coincide.

One can expect them to be the same if the one-parameter subgroups are the geodesics. In fact, this is
true if the metric is bi-invariant.

We say that a metric is left-invariant if the left translations are isometries, i.e.

Vg, h € G,u,v € TG = ((dLy), (u), (dLg), (v))gn = (u, V)p. (3.3.1)

Similarly, one defines a right-invariant metric, and a bi-invariant metric is a metric that is both left-
invariant and right-invariant. We note that, from any inner product on T.G, we can construct a
left-invariant (or right-invariant) metric. Indeed, if <, > is an inner product on T.G,

Qq(u,v) :=< (dLg_l)g(u), (dLg—l)g(U) >

varies smoothly and satisfies (3.3.1), hence defines a left-invariant metric. However, we cannot always
have a bi-invariant metric on an arbitrary Lie group G.

3.3.2 Proposition. Let <, > be a bi-invariant Riemannian metric on GG. Then

Exp, = expg .

Proof. Let V be the Levi-Civita connection of <,> and let u,v,w € T.G with corresponding left-
invariant vector fields X, Y, Z. The compatibility of V gives

1
<VyX,Z>:§(X<Y,Z>+Y<Z,X> —Z<X,)Y>-<[X,Z],Y >—-<[V,Z],X >-< [X,Y],Z>)

:%(_<[XaZ]»Y>—<[Y,Z],X>—<[X,Y],Z>). (3.3.2)
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Also, ¢g = LyR,-1, then Ad(g) = (dLg)g_l(ng—l)e. So

< Ad(exp(tu))v, Ad(exp(tu))w >=< v,w > as the metric is bi-invariant,
= < [u,v],w >+ < v, [u,w] >=0 after differentiating.
1
— VyX = 5[Y,X] and VxX =0 by (3.3.2).  (3.3.3)

Now, if v, is the one-parameter subgroup corresponding to u € T.G and X is the left-invariant vector
field corresponding to u, then X (v,(t)) = v,(t). Hence £~/ (t) = VxX = 0. So 7, is a geodesic.
Uniqueness ensures that the geodesics are exactly the one-parameter subgroups (we shall see later that
if v is a geodesic, then it is an integral curve of the left-invariant vector field associated with 4/(0)). O

Thus, the class of Lie groups admitting a bi-invariant metric is an important class of Lie groups. Let us
begin by seeing one condition that guarantees the existence of such a metric.

3.3.3 Proposition. Every compact Lie group admits a bi-invariant metric q.

Before starting the proof, an n-form* w is right-invariant if (R;)*w = w for all h € G, i.e.
Vg, h € G,u € (T,G)" : wgh((dRh)g(ul), e (dRh)g(un)) = wg(ur, -+, up). (3.3.4)

One can show that we can always construct such an n-form, since it is clearly uniquely determined by
its value at the identity. We can take any alternating multilinear map w, : (T.G)™ — R and define

wg(ul? T Up) = We((ngfl)g(ulx o (ngfl)g(un))'

It varies smoothly with ¢ and satisfies (3.3.4).

Proof of Proposition 3.3.3. Consider a non-vanishing n-form w and a right-invariant metric (,) on G.
One can define, for any u,v € T,G,

qa(u,v) := /Gfa(g)w, where fo(g) := ((dLy) ,(u), (dLg),(v))ga- (3.3.5)

As G is compact, this integral is finite. Also, it is clearly an inner product on T,G and varies smoothly
with a. Hence it is a Riemannian metric, and we claim that it is bi-invariant. Remarking that the left
and right translations commute, and hence so do their differentials, we quickly get that the metric is
right-invariant. To see that it is left-invariant, using Ly, = LyLy,

Gha((dLn) ,(u), (dLp),(v)) = /G (Lgnu, Lghv) gha = /G falgh)w

= [ (a0 Ba)(g) (Ri)'e a5 w is right-invariant,
G
:/ R} (faw) :/ falg)w as Ry, is a diffeomorphism and G is orientable.
G G
Hence ¢ is a bi-invariant metric. O

*n-form w = (wz D (T:G)" — K)w
holomorphic n-forms).

ce where w, is multilinear, alternating, and x — w; is smooth (holomorphic for
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First, we notice that if the right-invariant metric (,) chosen in the proof above is already bi-invariant,
then this construction gives the same metric up to a constant.

Now, using (3.3.3), the curvature tensor is computed by

1 1
R(u,v)w = ZHua U],U)] = R(”?”a“?”) = ZH[U7'U”’2 (336)
Hence, the sectional curvature with respect to a bi-invariant metric is always non-negative at the identity,

and therefore everywhere by homogeneity (since L, and R, are isometries).

3.3.4 Example (Sectional curvature on SO(3,R)). First, from (2.1.5), M = —3 Ny, the isomorphism

B: R? — T.SO(3,R) = spang{M;, Ma, M3}
(1, 22,23) = B((21,72,23)) = 21 M1 + 22 Mo + 23M3,

respects the bracket if we consider the cross product on R3. Let us take a convenient inner product on
T.G. We have the standard one on R3, which we can push forward to T,.G:

1
<zyy>=x-y = <u,v>.=<B(x),B(y) >c:= kayk =3 Tr (uv).
k

Then the associated right-invariant metric is
1 1
(u,v)g =< (ng—l)g(U), (ng—1)g(v) >e=—5 Tr (ug™tvg™). (3.3.7)

Following what we have learned so far, one can also try to find a right-invariant 3-form. Again, we
choose a convenient alternating trilinear form on R?, namely the determinant, push it forward to 7,G,
and obtain

we(u,v,w) = we(B(z),B(y),B(2)) = det(z,y,2) =z (yAz) = —% Tr (u, [v, w]).

We should apply (3.3.5) to obtain a bi-invariant metric, but one checks that the metric (,), defined
in (3.3.7) is already bi-invariant. So, with this metric, the exponential maps coincide (at the identity).
Moreover, by construction, M;, Ma, M3 form an orthogonal basis of T.SO(3,R), and [My, M;] =
B(er A €r) = B(erimem) = ximMm. Applying (3.3.6),

1
Rjjim = R(Mj, My, My, M,,) = Z([gjksM37Ml]7Mm>e~

Then

13 1
Rjgim = 1 > ejksesim = Ri212 = Rig13 = Ragog = T
s=1

So the sectional curvature is %.

But also, a metric that is right-invariant and Ad-invariant must be bi-invariant. In particular, for an
abelian group, ¥4 = Idg and Ad(g) = Idg, so we can always find a bi-invariant metric. In other words,
L, = Ry, so being right-invariant is equivalent to being left-invariant.

Now, we have two classes of Lie groups that admit bi-invariant metrics. It is straightforward to see that
the product metric of bi-invariant metrics is again bi-invariant.

One can ask whether these are all.
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3.3.5 Theorem. A connected Lie group GG admits a bi-invariant metric if and only if it is isomorphic
to the Cartesian product of a compact group and a vector space.

The proof of this theorem can be found in ( ).

In studying the existence of bi-invariant metrics and determining whether the Lie algebra TG is semisim-
ple, there is an important tool that we need to introduce: the Killing form.

3.3.6 Definition (Killing form). Let G be a Lie group. The Killing form of g = T.G (also called the
Killing form of G) is the symmetric bilinear form

B(u,v) := Tr (ad(u) ad(v)).

Since Ad(g™?!) is a Lie algebra automorphism, ad (Ad(g~!)(u)) Ad(g~1)(v) = Ad(g™1)(ad(u)(v)).
Then Ad(g) o ad (Ad(g71)(u)) o Ad(g~!) = ad(u). So ad(Ad(g)(w)) = Ad(g) o ad(w) o Ad(g)~L.
This fact implies that the Killing form is Ad-invariant. Consequently, if G is semisimple with negative-
definite Killing form B, it admits the bi-invariant metric —B.

One can also see that, if G admits a bi-invariant metric ), the Ricci tensor does not depend on Q.
Indeed, Ric(u,v) = Tr ((R(u, —)v) = Tr (Tr) (5 [[u, —],v]) = =3 Tr (Tr)([v, [u,—]]) = =1 B(u,v).

3.3.7 Proposition. For a semisimple connected Lie group G, being compact is equivalent to having a
negative-definite Killing form B.

Proof. See ( ), Theorem 2.35. O

3.3.8 Proposition ( ( ))- Let G be a compact simple Lie group. Then the
bi-invariant metric is unique up to rescaling.

3.4 Lie Groups with Left-Invariant Metrics and Cartan Connections

In this section, we equip G with a left-invariant metric. Recall that a left-invariant metric is uniquely
determined by an inner product at the identity. Then, identifying T.G with the left-invariant vector
fields £(G), we have

< X(9),Y(9) >g=< X(e),Y(e) >c .

So it is enough to study the inner product on the Lie algebra g = T.G.
Recall that equation (3.3.2) is still valid for any left-invariant Riemannian metric. We may need to
choose an orthonormal basis eq, - - - , e, and introduce the notation

Qi =< [ei,ej],ek >,

so that .
Veiej =5 > (e — i + anig)ex
k
From this, one can compute the sectional curvature
1 1
k(e e2) = F0zk (—a1ze + azp + Qk12) — (@2 — a2 + ak12) (12K + Q2k1 — Qg12) — Qk11IORk22 | -

k
From this equality, we can deduce that if ad(e;) is skew-adjoint, then for any k # 1,
1
R(el, ek) = Z Z(akjl)Q.

J
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This can be generalized: if ad(u) is skew-symmetric, then for all v, k(u,v) > 0.

3.4.1 Lemma. Let u be an ideal of dimension n — 1 and x € g\ u. Let L be the endomorphism of u
defined by L(u) := [z, ], whose adjoint is denoted by L*°. Denoting by S = 3(L+ L*) the self-adjoint
part of L, and by V the Riemannian connection of the restricted metric (inner product) on u, for any
u,v €U,

1
Vau = §(L —LYu, Vyzr=0, Vyuzr=-Suand V,v=V,v+ < Su,v> . (3.4.1)

The proof follows mostly from equation (3.3.2).

3.4.2 Proposition. Let  be a unit vector of g = T.G, orthogonal to the commutator [g, g]. Then the
Ricci curvature r(x) is non-positive. It is zero if and only if ad(z) is skew-adjoint.

Proof. Let u be the subspace consisting of all y € g such that < z,y >= 0. Clearly [g,g] C u. Then u

is an ideal of dimension n — 1, so we can apply Lemma 3.4.1. Now consider a basis y1,--- ,yn,_1 of u
consisting of orthonormal eigenvectors of S, namely S(y;) = \;yi;, foreachi=1,--- ,n— 1.
As !

Ai =< S(yi)syi >= 5 (< Llyi)syi > + < L¥(yi),yi > ),

we obtain
N =< L(yi),ys >=<wi, L™ (ys) > .

Using this fact together with (3.4.1), we obtain the sectional curvatures

(2

Hence
r(z) = —Tr (S?).

Moreover, the trace of the square of a self-adjoint operator .S is zero if and only if S = 0. Therefore,
r(z) = 0 if and only if L is skew-adjoint. O

A left Haar measure on G is a Radon measure j on the Borel g-algebra B(G)° such that 1(gS) = u(S)
for all g € G and S € B(G). It always exists because there is always a nontrivial element in A" (T.G)
(we discussed it in 3.3.3) that induces a left-invariant n-form w, and we can characterize it by

u(S) = /Sw.

It is a Radon measure, left-invariant, and this is the only way to obtain it, namely from an element of
N"(T.G). Since A"(T.G) is one-dimensional, the left Haar measure is unique up to scaling.

3.4.3 Definition. A Lie group G is unimodular if the left Haar measure p is right-invariant, namely
u(Sg) = wu(S) for all g € G and S € B(G). A Lie algebra b is unimodular if, for any h € b,
Tr (ad(h)) = 0.

It is proven in Helgason (2024) (page 366) that G is unimodular if and only if the adjoint representation
Ad(g) has determinant +1 for every g € G. It follows that semisimple Lie groups are unimodular because
det(Ad(g))? = 1, as the nondegenerate Killing form B is Ad-invariant. Another quick consequence of

®Recall that it is the unique endomorphism satisfying < Lu, w >=< u, L*w > for any u, w € T.G.
6o-algebra generated by the open sets.
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this fact is that compact Lie groups are unimodular. Indeed, the set consisting of the values | det(Ad(g))|
can be viewed as the image of a continuous group morphism from G to the positive real numbers. Then
it is a compact subgroup of R, so it must be {1}. The naturality of the exponential map ensures that,
for a connected Lie group, G is unimodular if and only if T, G is unimodular.

3.4.4 Proposition. If all Ricci curvatures of a connected Lie group G are non-negative, then G is
unimodular.

Proof. Let x € g = T.G. Then it is impossible to have r(z) < 0. By Proposition 3.4.2, either z is not
orthogonal to [g, g] or ad(z) is skew-adjoint. But the Jacobi identity gives

ad([g1, g2]) = ad(g1) ad(g2) — ad(g2) ad(g1),
which implies that every element of [g, g] belongs to the unimodular kernel
u={ueg: Tr(ad(u)) =0}.
Then x cannot be orthogonal to u unless Tr (ad(z)) = 0. Hence = € u. Therefore g = u. O

3.4.5 Theorem ( ( ))- If a connected Lie group G has a left-invariant metric with all sectional
curvatures k < 0, then it is solvable. If G is unimodular, then any such metric with £ < 0 must actually
be flat (k = 0).

3.4.6 Example. Note that the semidirect product of Lie groups has a Lie group structure. In particular,
G =R x RY is a Lie group with the law

(z1,y1) - (w2, y2) = (x1 + Y122, Y1Y2).

The neutral element is ¢ = (0, 1) and the inverse of (x,y) is (—%, %) Consider the usual inner product

< —,—>on T,G = R? and let Q be the corresponding left-invariant metric. We can also check that

the differential of the left translation is (dI/(aJ,))(:C 9 = bl>. Then
u-v

Qap) (4, 0) =< (dL(_a 1)), (W), (AL a 1)), (V) >= N

It is the hyperbolic H2 metric, so the sectional curvature is Kk = —1. Hence G is solvable.
Another way to see this is to identify it with the set of matrices of the form

y T

0 1)’
where y € R% and z € R.
Viewing it as H? also allows us to conclude that it is not unimodular.
3.4.7 For the three-dimensional case

We assume that G is of dimension 3. Let < —, — > be an inner product on the vector space 1,,G.
For u,v € T,G, there is a vector w € TG such that

<u,w >=<v,w>=0 (3.4.2)
lw|? =lu|?[v]*— < u,v >2. (3.4.3)
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First, if u,v are linearly dependent, (3.4.3) forces w to be zero, which also respects (3.4.2). If they are
not, the set of all vectors z verifying (3.4.2) is a subspace of TG, of codimension 2, hence of dimension
one. With the condition (3.4.3), we have two choices +w. Now, if we fix an orientation on T,G, we
have only one choice that makes (u,v,w) oriented. Such a w is the general definition of the cross
product u X v.

3.4.8 Lemma. Let GG be a Lie group. There is a linear endomorphism L of T.G such that
[u,v] = L(u x v). (3.4.4)
Moreover, L is self-adjoint if and only if G is unimodular.
It is because we can choose an oriented orthonormal basis by, b2, b3 and set an endomorphism of g,
L(bi x by) = [bi, bj) = ad(b)(b;) = — ad(b;)(b). (3.4.5)

It is defined on the basis and extends uniquely to all g, satisfying (3.4.4). If L = (lij)ij' (3.4.5) also
says
ad(b1) (101 + w2be + 23b3) = (I31 — lo1)b1 + (Is2 — l22)b2 + (I33 — l23)bs,

then Tr (ad(b1)) = —log + l32. Doing the same for by, b3, we get Tr(ad(be)) = li3 — I31 and
Tr (ad(bs)) = —l12 + lo1. Hence L is self-adjoint’ if and only if Tr (ad(z)) = 0 for any = € g, if
and only if g is unimodular.

Now, let us focus on the case where G is unimodular (L is self-adjoint) and choose an orthonormal
basis eq, €9, eg consisting of eigenvectors of L, with eigenvalues respectively A;. Then we have

[62, 63] = )\161, [63, 61] = )\262 and [61, 62] = )\363. (346)

Following the approach of Milnor, we denote
1
Wi = 5()\1 + A2+ A3) — A\

3.4.9 Theorem (Milnor (1976)). The orthonormal basis e, €2, e3, chosen as above, diagonalizes the
Ricci quadratic form, the principal Ricci curvatures being

r(e1) = 2uous, r(ez) =2u1us and r(es) = 2uq pa. (3.4.7)

Being the trace of the Ricci tensor, the scalar curvature is

p = 2(papis + paps + papz). (3.4.8)

Milnor (1976) has many nice examples, but | just try another one. Note that SO(2,1) is a simple Lie
group. Let G be the connected component of the identity, which is then unimodular.

Consider the basis {e1, e2,e3} of T.G = s0(2,1) given by:

00 0 00 1 0 10
er=10 0 1|, ee=[0 0 0|, es=|-1 0 0
01 0 100 0 0 0

"We are in the real case.
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Their Lie brackets are: [ej,e2] = —es, [e2,e3] = e1, [es,e1] = ea. We just need to have an
inner product such that eq, es, and e3 are orthonormal. Now we consider the left-invariant metric @
corresponding to that inner product, which is < e;, e; >= 0;;.

Now, to compute the Ricci curvatures and scalar curvature, we just need to compute ;.

_ 1 _ 1 _ 3
Hn1 = 9 H2 = 2’ ’U’3_2’
3 3 1
r(er) = Zuapus = —3, re2) = 2ups = —5, rle3) =2mp2 = 3,
5

p = 2p2p3 + paps + pap2) = 3.

3.4.10 Theorem (Milnor (1976)). If the connected 3-dimensional Lie group G is not unimodular, then
its Lie algebra has a basis e1, e, e3 such that

le1, e2] = aea 4 Pe3, [er,e3] = vea + des

(%)

has trace @ + d = 2. If we exclude the exceptional case where A is the identity matrix, then the
determinant D = ad — By provides a complete isomorphism invariant for this Lie algebra.

with [ea, €3] = 0, and such that the matrix

Milnor connects this fact to show that, for non-unimodular cases, at least the principal Ricci curvatures
are negative.

3.4.11 On Cartan connection

The thing that makes the bi-invariant metrics nice is the fact that ¢t — exp(tu) are geodesics. For
the left-invariant one, we lose this property. Here, we relax the requirement that the connection be
compatible, and build another connection that makes ¢ — exp(tu) still geodesics.

3.4.12 Definition. A connection V is left-invariant if

Vito.x (La)Y) = (Lo)s(VxY) forallae G, X,Y € X(Q).

Such a connection is uniquely determined by its value at the identity, namely by a bilinear form V(¢) on
T.G.
(VxY)(9) = dLg(V') (X, o).

3.4.13 Proposition (Definition). Let V be a left-invariant connection. Then the following assertions
are equivalent.

(a) V(@ is skew-symmetric.
(b) For any u € T.G, t — exp(tu) are geodesics.
Such a connection is called a Cartan connection.

Proof. We recall that ¢ — exp(tu) is 7y, the unique smooth curve such that

1(0) =€, 7,(0) =u, and X (7u(t)) = 7, (1),
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where X is the left-invariant vector field corresponding to u. Then V., (7, (t) = (VxX)(u(t)) =
V(€ (u,u). This equality ensures the equivalence. O

The first example is (u,v) — A[u,v]. It is skew-symmetric, hence induces a Cartan connection with
torsion T'(u,v) = (2A — 1)[u, v] and curvature R(u,v)w = A\(1 — X)[[u, v], w].
3.4.14 Proposition. For any Lie group G there exists a unique symmetric Cartan connection.

Proof. We require it to be symmetric, then at the identity V(®)(u,v) — V() (v,u) = [u,v]. As V(©) is
skew-symmetric, this is equivalent to V(¢ (u,v) = %[u,v}. This extends uniquely, giving us what we

need. O

This connection still allows us to have (3.3.3) and R(u,v)w = [[u, ], w].

Clearly, (3.3.3) tells us that if the metric is bi-invariant, the unique symmetric connection is the Levi-
Civita connection.



4. Representations of Semisimple Lie Algebras

The goal of this part is to present the general approaches to understanding the representations of
semisimple complex Lie algebras. We begin with a particular case, the simple Lie algebra sl(n,C), and
provide some examples. There are many ways to see that sl(n,C) and sp(n,C) are semisimple.

The long-term goal of this part is not only to study complex simple Lie algebras but also Lie groups and
real Lie algebras. Here, we start with the complex case, which we complete in this project. We hope
that understanding this case first will make it easier to study the other classes later.

4.1 Representations of sl(2,C)

The structure of s[(2,C) is entirely given by

(0 1) (0 O) (1 0 )
X = y Y = ) H = )
0 0 10 0 -1
[H, X] = 2X, [H,Y] = —2Y, [X,Y] = H.

We will study representations of s[(2,C) by considering the irreducible ones. Also, we focus on finite-
dimensional representations. So in what follows, the representations are assumed to be finite-dimensional
and irreducible unless stated otherwise.

Let (¢, V') be a representation of s[(2,C). By Theorem 3.2.8, ¢(H) is diagonalizable. Then

V= P Va

a€spec(H)

For v € V,,, one can show that

e(H)(p(X)(v)) = (e +2)p(X)(v), and  (H)((Y)(v)) = (= 2)p(Y)(v).
Then ¢(X) maps V,, to V492 and ¢o(Y') maps V, to V,_s.
Irreducibility implies that all elements in spec(H) are congruent modulo 2. By finiteness,

k=N

V= @ Vagrar: (4.1.1)
k=0

It is still a bit early to be convinced that every step decreasing by 2 must give successive eigenvalues,
but Proposition 4.1.2 ensures that if ag and a9 + 2N are eigenvalues, then all intermediate values are
also eigenvalues.

4.1.1 Lemma. For any v € V,,,

VEEN : oY) (0(X)*(v)) = —k(ao + k — Dp(X)*(v). (4.1.2)

Proof by Induction. For k =1, and assuming ¢(Y')(v) = 0, we have

—agv = [p(Y), p(X)](v) = ¢(Y)p(X)(v).

37
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Assume it is true up to k,

PV (PO () =[pY), (O] (L0* W) + 000 (#(1) ()4 (0))

=(—an — 2k)p(X)*(v) — k(oo + k — 1)p(X)*(v)
= — (k+ 1)(ag + k)p(X)*(v).

Hence (4.1.2). O
4.1.2 Proposition. Let v € V,,. If v # 0, W := span <{¢(X)k(v) ke N}) =V.

Proof. Clearly, it is invariant under the action X. By noticing that ¢(X)* maps V,, to Vo, it is also
invariant under the action of H. Lemma 4.1.1 also shows that it is invariant under the action of Y.
Hence W is invariant under ¢ and, by irreducibility, W = V. Ul

Now, let M be the largest m € N such that ¢o(X)™(v) # 0. Then o(X)™"(v) = 0. Applying (4.1.2),
0= oY) (p(X)™(v)) = —(k + 1) (g + m)p(X)™(v) = ag=—m € Z.

Since for I # k, o(X)*(v) and ¢(X)!(v) lie in different eigenspaces, then (@(X)J)j
independent, hence a basis. One can deduce also now that, if d = dim(V), m=d—1= N and

m .
o are linearly

V=Vig®Vsg® & Vi3®Vgq = VD (4.1.3)
Hence all representations of sl(2,C) are of the form (4.1.3).

4.1.3 Example. Let e¢; and ey be the standard basis of C2. C? = (e1) @ (e3). The representation

a b x\  (ax+by
lle —a y] \ex—ay)’
of s[(2,C) on C? is checkable irreducible. Then it has the form V(1) = V_; @ V; where Vi = (e;) and
V_1 = (e9) because p(H)(e1) = e1 and ¢(X)(e2) = —es.

More generally, the set of homogeneous polynomials in C[z, y| of degree d—1, identified with Symd_l(CQ),

is a vector space of dimension d, spanned by (fk = xky”*k)kio_ . The endomorphisms

0 0 0 0
—r— —y—: X =z — =
H :L'ay Yag’ xay and Y You
verify [H,X] = 2X, [H,Y] = —2Y and [X,)] = H. The linear map X — &, Y — Y and

H +— H is a representation of s[(2,C). Also fi are eigenvectors of H; H is diagonalizable with
k=d—1

spec(H) = (2k —n),_,

Vok—n—2-

Hence this representation is irreducible. Indeed, if W is invariant, the restriction of { on W is diagonaliz-

able, hence contains fy, for some kg = 0,1, -- ,d—1. Acting with X and ), we get W = Symdil((CQ).

. One can also see that X maps Vo, to Vor_p1o and YV maps Vor_, to

4.1.4 Theorem (Hall (2013)). If (¢, V) is a finite-dimensional representation of sl(2; C), not necessarily
irreducible, the following results hold.
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(a) Every eigenvalue of ¢(H) is an integer. Furthermore, if v is an eigenvector for ¢(H) with
eigenvalue A and ¢(X)v = 0, then X is a non-negative integer.

(b) The operators (X ) and ¢(Y") are nilpotent.

(c) If we define S:V — V by
S = e#X) oY) (X))

then S satisfies
Se(H)S™! = —p(H).

(d) If an integer k is an eigenvalue for ¢(H ), so is each of the numbers

4.2 Representations of sl(3,C)

The structure of s[(3,C) is entirely given by

1 0 O 00 O
H=|0 -1 0|, Ho=|0 1 o],

0O 0 O 0 0 -1

010 0 0 0 0 0 1
Xi1=10 0 0], Xo=10 0 1], X3=1]10 0 0],

0 00 0 00 000

0 0 0 0 0 0 0 0
Yi=1|1 0 0], Yo=10 0 0], Ys=1]0 0 O

0 0 0 01 0 1 00
[Hy, Hs] =0, [H;, X;] = 2X,, [Hy, X1] = — X1,
[Hy, Xo] = — X, [Hy, X3] = X3, [Y1, X3] = X,
[H2, X3] = X3, [H:,Y)] = =[H;, Xj],  [Yo, X5] = — X,
(X1, Xo] = X3, [Y2,Y1] = V3, [ 37Y3]:H1+H2,
(X, Y] = H;, [Xi, X3] =0, Y, Y3] =

The same for s[(2,C), we study an irreducible and finite-dimensional representation (¢, V') of s((3,C).
One can notice that s[(3,C) has the subalgebras g; = (H1, X1,Y1) and g2 = (Ha, X», Y2), which are
both isomorphic to sl(2,C). The idea here is to use the same method as in 4.1, in an appropriate way.
As we did with s[(2,C), we want to study the representation of s((3,C) through the eigenvalues of H;
and Hs. The role of eigenvalues is replaced here by weights.

4.2.1 Definition. A weight is a pair a = (a1, ) of eigenvalues of ¢(Hy) and ¢(Hs) which have a
common eigenvector. This eigenvector is then called a weight vector associated with «. The set of
weight vectors associated to «, denoted V,,, is a subspace called the weight space. The multiplicity of
« is the dimension of V,.

Since we work over C, ¢(H7) admits an eigenvalue oy corresponding to an eigenspace W. The relation
[H1,H2] = 0 implies that ¢(H;) and ¢(H2) commute, hence ¢(H2)(W) C W. Considering the
restriction of w(Hs) to W, there exists an eigenvalue as of p(Hs) with eigenspace W/ C W. So
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a = (a1, a2) is a weight for (¢, V).

This shows that any representation admits at least one weight.

One can also notice that, since the restrictions of ¢ to g; and go are isomorphic to representations of
sl(2,C), any weight of (¢, V) must be an element of Z2.

Now we need one more definition to understand the action of ¢(X;) and ¢(Y;) on each weight space
of (¢, V).

4.2.2 Definition. A root is an element r = (r1,72) € C2\ {(0,0)} such that there exists Z, € sl(3,C)
with [H;, Z,] = r;Z,. Such a Z, is called a root vector associated with 7.

By computation, one can check that the only roots of s((3,C) are
a:=(2,—-1)X1, (-2,1)<Y1, b:=(-1,2)< Xy, (1,-2)Ys, (1,1)< X3, (—1,—1)« Y5,
4.2.3 Lemma. If r is a root associated with root vector Z,, then ¢(Z,) maps W, into Wy4,.

Proof. Let w € W,. Then

p(Hi)(p(Zr)(w)) = [p(Hi), o(Zp)[(w)+9(Zr) ((Hi) (w)) = rig(Zy)(w)+aip(Zy)(w) = (itri)p(Zy) ().
Hence ¢(Z,)(w) € Wayr. O

By abuse of language, we say that the spectrum of H, spec(H), is just the set of all weights of (¢, V).

We want to obtain something analogous to (4.1.1). One can claim that

V= P Va (4.2.1)

a€spec(H)

Indeed, the direct sum is not {0} since the representation admits at least one weight. Clearly, it is
invariant under the action of H; and Hy. To see that it is invariant under the remaining basis elements,
it follows from the fact that they are root vectors and from Lemma 4.2.3.

Now we introduce a partial order on spec(H). For two weights o and 3, we say a < (3 if there exist
non-negative integers p, g such that 8 — a = pa + ¢b.

A lowest weight is a meet!

One can show that it exists here (by finiteness and irreducibility). It is also an element of spec(H).
Order theory ensures that the meet ¢ always exists, and in our case it belongs to spec(H).

Let us take a moment to see what we can quickly deduce from Lemma 4.2.3. First, since X3 and Y3
are root vectors associated with a + b and —a — b, if « is a weight, then each of (a + ka + kb)kez is
either a weight or zero. The same reasoning, using the fact that X7, Xo, Y7, and Y5 are root vectors,
shows that if «v is a weight, then each (a + ka + [b) is either a weight or zero. Using irreducibility

> _ kleZ
and finiteness, we obtain

spec(H) C{e+ka+1b: k=0,1,--- ,N;1=0,1,--- ,M}. (4.2.2)

The goal now is to show that ¢ is indeed a weight, that it is the lowest weight, and that the inclusion
(4.2.2) is in fact close to an equality. Let & = £ 4+ ma, where m is the minimal non-negative integer
such that € + ma € spec(H). Such m exists because ¢ is the meet. There exists a nonzero vector v in
Vz. Now, by minimality of m, we have ¢(Y7)(v) = 0. By definition of ¢, we also have ¢(Y3)(v) = 0.
Since [Y7,Y2] = —Y3, we also obtain ¢(Y3)(v) = 0.

lthat is, the greatest among the lower bounds (infimum).
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4.2.4 Proposition. For v € Vz\ {0},

span ({0(X)p(Xa) -+ p(X)(0) k€N, 1< <3} ) =V,

Proof. Let W be the span above. Clearly, it is invariant under the action of X;. To see that it is
invariant under the action of Y; and H;, we proceed by induction on k. For k = 0, there is nothing to
prove for the H;.

For Y;, we have seen above that ¢(Y;)(v) = 0. The induction follows from the identity

(Vi) (0(Xiy)p(Xip) -+ - 0(Xi,)) = [0(Ya), p(Xi)((Xiy) - - p( X, ) +0(Xiy ) (V) (9(Xiy) - - 0(Xiiy )

Each term in the sum reduces to the case k — 1. Thus, W is a subrepresentation of (¢, V). O

From this fact, one can also conclude that Vz has dimension one because the roots associated with the
root vectors X; increase at least one coordinate. Hence Vz cannot contain o(X;,)p(Xi,) -+ ¢(X;, ) (v)
unless k = 0.

Another important consequence of this fact is that any element in V' has weight of the form &+ pa + ¢b
with p, g > 0. This implies directly that £ = ¢ = (¢1,£2). Hence the lowest weight always exists.

Using Lemma 4.1.1, —e; and —e9 are the largest positive integers such that ¢(X;)(v) # 0 and

P(X2)%(v) # 0.
By the same reasoning, we can also prove that the highest weight always exists.

4.2.5 Proposition. If ¢ is the lowest weight and p is the highest weight, then

p1 = —e2 and pug = —¢.

Proof. Assume ¢ is the lowest weight. First, let us show that g = (—e9, —£1) is an upper bound of

spec(H). It suffices to notice that for any p,q > 0 with p > —&; — g9 or ¢ > —e1 — €3, the weight

€ + pa + ¢b cannot occur?.

Now, if v is a weight, then there exist non-negative integers p, ¢ such that a = ¢ + pa + ¢gb. Solving
i =a+pa+qb, weobtain p’ = —¢1 —e9 —p and ¢’ = —e1 — 2 — ¢, which are non-negative. Hence
4 is an upper bound.

For a simpler argument, one can use the join (supremum) and expect a symmetry in the weight diagram
between the lowest weight € and the highest weight p. So p1 + o = —€1 — e2. But since p < i, there
exist non-negative p, q such that

(—e2, —e1) =(p1, p2) +p(2,-1) + q(—1,2)
= p1tpe=—€1—2=pu1+2p—q+pu2—p+2q

Hence u = pu. O
We can rewrite (4.2.2) now

spec(H) C{a: e<a<u}y={et+ka+lb=p—ka-10b: kK 1, =0,1, - p1+pa}. (42.3)

2Either by a direct computation, or by using the s[(2, C) subrepresentation structure in a more conceptual way.
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The next task is to show that the diagram of weight is full.

So far,each k = 0,--- , —e1, o(X1)¥(v) # 0 and ¢(Y2)*(v) # 0; foreach 1 = 0, - - - , —e2, p(X2) (v) #
0 and (Y1) (1) # 0. Also (X1) 11 (0) = p(Xa) 1 (0) = p(¥i) "=+ (1) = p(¥a) “+1 (1) = 0

Y

A

(_2’ 3)

(_372) 87\21.\
n= (27 1)
wh |\

\\ (3,-1)
|-2) (2,-2)

™
Il
—
|
—_

Figure 4.1: Partial weight diagram with lowest weight ¢ = (-1, —2).

So far we know that all points in blue (on the edge) of the hexagon in figure 4.1 are weights, in spec(H ).
But the point (2, —2), in purple, is not sure yet. One can proceed from above.

| claim that (—1,1) is also a weight. Why? Because to reach (—2,3) we have to pass through it,
otherwise the path is of the form X3X;X;(v). But saying (—1,1) ¢ spec(H) implies that the only
possible path is X3X1X;(v) # 0, in particular X3X;(v) = 0. But this is a contradiction because
[Xl,Xg] = 0, hence X3X1X1(’U) = Xl (X3X1(’U)) = 0.

We can use the same reasoning to complete from top to bottom. So the diagram is full.
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N
7

Figure 4.2: Full weight diagram with lowest weight ¢ = (—1, —2).

Sketch of formal (general case) proof to show that the weight diagram is full.

(i) Notice that any edges (points) in the four segments [e,e — e2b], [e,& — €1a], [, u + £2a] and
[, o + €1b] are all weights.

(i) Notice that each of the points in the segment [ — £2b, i + £2a] is a weight, using the fact that
X3 commutes with X}, and Proposition 4.2.4.

(iii) Repeat the same reasoning recursively for the next oblique segment until the segment [e —e1a, pu+

e1b].
O
4.2.6 Proposition. Two irreducible representations having the same lowest weight are isomorphic.
Proof. Very similar to the one in Hall (2013), Proposition 6.15. O

4.2.7 Example. First, the trivial example is € = (0,0), that is ¢ = 0.

The next standard one is the one of lowest weight (0, —1). That is ¢ is just the inclusion from sl(3, C)
to gl(V) for V.= C3. We can check that it is irreducible and e1, ea, e3 have weights respectively
(1,0),(-1,1),(0,-1).

Now, one can see that the one with lowest weight (—1, 0) is the dual of the standard one above; it can be
thought of as just o (Z) = —ZT for V.= C3. ey, ea, e3 have weights respectively (—1,0), (1, 1), (0,1).
By uniqueness, for both examples, it is enough to check that they are irreducible and that they verify
the properties that we have studied so far.

4.2.8 Proposition. For £1,e2 non-positive integers, there is an irreducible representation of sl(3,C)
that has lowest weight ¢ = (€1, £2).

We will discuss the general case in Section 4.3.10.
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There are many interesting questions that we should ask about the properties of the unique irreducible
representation of sl(3,C) with lowest weight &, such as the dimension and the multiplicity of each
weight.

4.2.9 Theorem. Let V' be the irreducible representation of sl(3,C) with lowest weight ¢ = (£1,¢€2).
Then its dimension is given by

1
dimV = —5(52 — 1)(81 — 1)(61 + &2 — 2).

The proof of this formula can be found in ( ). The multiplicity of each weight is already known
by Kostant’s multiplicity formula, seen in Chapter 10, Section 6, Theorem 10.29 in the same book.

4.3 Representations of complex semisimple Lie algebra

We have seen from sl(2,C) that the work revolves around the diagonalizable matrix H. For s((3,C),
we deal with the vectors Hy, Hy and use the fact that they are diagonalizable to conclude that V is a
sum of weight spaces. First, a Cartan subalgebra  of g is a maximal abelian subalgebra where ad(H) is
diagonalizable for each H € . Such a subalgebra exists and is unique up to isomorphism. The general
study of representations of a Lie algebra will revolve around this Cartan subalgebra b.

Here, by root r, we mean a non-trivial element of the dual of h, h* that has a non-trivial root space

g ={X €g:[H X]|=r(H)X forall H € h}.

As g is the sum of all common eigenspaces of ad(H ), H € h, we have g = h® > A gr where A is the set
of roots. Combining this with the fact that g is semisimple and the Killing form ~B[h is non-degenerate,
we can identify b with h* by H, € h — B(H,,—)3. We will write (r,s) = (H,, Hy) = r(H) = s(H,).

By computation, one can easily see that [g,, gs] C gr+s (here go = h and g, = (0) if ¢t ¢ A). Also, one
fact is that each g, is a one-dimensional subspace.
By definition, the root lattice /\g is the lattice in h* generated by the roots.

An r-string containing s is the set of all roots (including 0) of the form s +ir for some i € Z.

4.3.1 Proposition. Let r be in A, and let s be in AU {0}.

(a) The r-string containing s has the form s+ir for —p <1i < g with p > 0 and ¢ > 0. There are no
gaps. Furthermore,
2(s, 1) 2(s, 1)

g = d 7.
Pra=" ™ ey ©

(b) If s+ir is never 0, define s, to be the isomorphic copy of s[(2, C) spanned by some H, E!, and

E" . and let
g/ = @gs—i-ir-
i€EZL

T

Then the representation of sl on g’ by ad is irreducible.
This implies also that if s = cr, then ¢ € {—1,0,1}.

The goal of this section is not to provide all detailed proofs but to describe how the representations
look like. The proof can be found in ( ). The key point is that there is a Lie

3This is injective, hence an isomorphism since h and h* have the same (finite) dimension
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subalgebra that acts like s[(2,C) and we will use this fact to understand its representations. So we
choose or renormalize H, if needed to get a good basis. Hall gives a more precise description.

4.3.2 Proposition (Hall (2013)). For each root r, we can find linearly independent elements X in g,
X_;in g_y, and H; in b such that H; is a multiple of r and such that

[He, X = 2X,, [H,X_,]=-2X_,, [X;,X_,]=H,. (43.1)

We note that this H; is not exactly the H, coming from the non-degenerate Killing form B, but the
normalized one ﬁHr.

4.3.3 Definition. H, € b is said to be regular if for any r € A, r(Hp) # 0*. We say that v < s if
r(Hp) < s(Hp), and let AT be the set of roots r with r(Hg) > 0. A root r is fundamental if it is not a
sum of two roots in AT. We denote F = {f1,---, fm} the set of fundamental roots.

4.3.4 Proposition. (a) If f;, fj € F, then (f;, f;) <0 for i # j.
(b) The elements of F' are linearly independent.
(c) If r € A*, then r = Y1 n; f; with n; > 0. In particular, F is a basis of b.

Proof. See Ziller (2010). O
The idea is that all roots are of the form r™), —r() ... +() —+() with root vectors X; := X ), Y] :=
X_r(l),’ X = Xr(z),Yl = X_r(l), and Hr(i) := Hj, such that {Xul/zsz} satisfies (4.3.1). This
construction is the main tool we will use; it exists, and the detailed proof is in Hall (2013), Knapp
and Knapp (1996). From another point of view, the (r(?(?)) 5):11 are the fundamental roots (fl);il
obtained by choosing m positive roots that are not sums of other roots. One can also show that the
(H;);" | span b. Also, rk(g) := dim(h) = m.

Another important generalisation is the notion of weight of a representation (¢, V). Again, we assume
it is irreducible and V is finite dimensional. An element p € h* is a weight if it has a non-trivial weight
space

Vi={veV:H v=9(H)(v)=pu(H)v for all H € h}.

Recall that for each i = 1,--- ,m, {X;,Y;, H;} is isomorphic to s[(2,C). Then u(H;) € Z. Since the
(H;) span b, we encode the information of spec(H) in

L(g) :={(u(H), -+ ,p(Hm)) : € spec(H)} S Z™.

The clarification is that £(g) is what we called spec(H) in the sl(3,C) case. So an element of L(g)
is an m-tuple (u;) such that there exists a nonzero vector in V, simultaneously an eigenvector of
@(H;) associated to eigenvalues ;. This £(g) can be viewed exactly as spec(H), since a functional is
determined by its values on the basis. So we may identify them in what follows.

The same applies to the roots A, which can be identified with a subset of Z™ by considering their values
on the H;.

Now we try to repeat the steps from the sl(3, C) case with suitable generalisations and small adjustments
if needed, keeping in mind that we already treated the problem without explicitly mentioning the Cartan

*Such an element always exists because A is finite (we fix one), and we can choose it so that a(Hy) € R for each
NSIAW
5¢ € 8, for some m < I.
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subalgebra b, although it was implicitly involved since we worked with H1 and Hs that span h. Now,
by the same computation, Lemma 4.2.3 is still true.

Then we again obtain (4.2.1), since g is spanned by h and the root vectors.

Usually one works with the partial order defined in Definition 4.3.3, but here we want to proceed in
the same way as in the sl(3,C) case. So we define, for weights «, 5 € spec(H), that a < [ means
B—a=>7" nifi withn; >0and f; € F.

Here, the meet ¢ of spec(H) exists and we claim that it is also the lowest weight.

Let k=1,---,m and let my be the minimal non-negative integer such that € = ¢ + my fj, is a weight.
Then there exists a nonzero vector v € Vz. The minimality of my implies Y, - v = 0. The definition of ¢
also implies Y; -v =0 foreach i = 1,--- ,m, i # k. Since every positive root is a sum of simple roots,
any other Y}, j > m, can be expressed as brackets of X;, i = 1,--- ,m. Hence for them also Y; -v = 0.

4.3.5 Proposition. For v € Vz\{0}, span ({@(Xil)go(Xi )X ) (W) ik €EN, 1<4; < l}) =V.

The proof is very similar to 4.2.4. As in the sl(3,C) case, this gives us that Vz is one dimensional and
my = 0, = . Since we took an arbitrary k, we can say ¢ is a weight, then a lowest weight. Using the
identification with s[(2, C) and lemma 4.1.1, viewing € € £(g), € = (€1, -+ ,Em) Where the components
are the largest positive integers such that ¢(X;)%(v) # 0.

Let's now talk about an important group that acts on set of weights.

4.3.6 Definition. For arootr € A", s, : h — b, H — H — 2§£’;> H, = H — (H,1)H, is a reflection

in the hyperplane {M € hr|r(M) = 0}. The Weyl group W(g) is the group generated by all of the s,
r € AT, The Weyl chamber is W, :={ A€ bk | A\(H;) >0foralli=1,...,m}.

4.3.7 Remark (Observation). The following facts are tools that can help us better understand the
representation of g. We omit the proofs, which can be found in Fulton and Harris (2013) or Hall
(2013).

(i) sy induces a reflection on h* and acts on the roots as s,(s) =s—s(H;)r.
The set of weights of any representation of g is invariant under the Weyl group.

)

(iii) s, preserves bg.
) Every element of W(g) is induced by an automorphism of the Lie algebra g carrying b to itself.
)

Every vertex of the convex hull of the weights of V' must be conjugate to i under the Weyl group,
if 1 is the highest weight.

(vi) W(g) acts simply transitively on W.
From point (v), together with proposition 4.3.1, part (a), we obtain that £(g) is of the form av = p+r

for some r € A~ such that « lies in the convex hull of the weights.

4.3.8 Theorem (Fulton and Harris (2013)). For any w in the intersection of the Weyl chamber W,
associated to the ordering of the roots with the weight lattice Ay ®, there exists a unique irreducible,
finite-dimensional representation I', of g with highest weight 1; this gives a bijection between %" N Ay,
and the set of irreducible representations of g. The weights of I';, will consist of those elements of the

The set of all functionals f in b* where f(H;) € Z for each i.
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weight lattice congruent to u modulo the root lattice /\g and lying in the convex hull of the set of points
in h* conjugate to o under the Weyl group.

The proof of existence relies on an abstract construction, but we will prove only uniqueness. To do so,
let us start with a fact.

4.3.9 Lemma. Let (¢, V) be a representation of g, not necessarily irreducible. If v is a highest weight
vector and g = g" © h D g~ is the decomposition with respect to the positive and negative root spaces,
then the subrepresentation generated by v, U(g) - v, is equal to U(g™) - v, which is the smallest subspace
containing v and invariant under the g~-action.

Proof. Let w = M1 Msy--- My, -v and prove by induction on k that it lies in U(g™) -v. For k =1, there
is nothing to prove. Assume the claim for k& > 2. If My € g—, there is nothing to prove. If M} = H € b,
note that [H, A1Ag---A)) = (01(H) + -+ + 0o(H)) A1Ag--- Ay if [H, A;] = 0;(H). It follows that
MMy My -v=DMy---MpH -v+ (02(H) + -+ 0,(H))My--- My -v € U(g™) by induction. The
case M; € g* is handled similarly with a slightly longer computation. O

Proof of unicity in theorem 4.3.8. Let V and W be two irreducible representations with the same highest
weight p, with highest weight vectors v and w respectively. Clearly (v, w) is a highest weight vector of
V. By lemma 4.3.9, the subrepresentation of V@ W generated by (v, w), U = U(g)- (v, w), is equal
to U(g™) - (v,w). The top weight space is one dimensional. Now, if (0) # U’ is a subrepresentation of
U, there exists 0 # u € U’. We can raise it using elements of g™ until we obtain a nonzero vector u’
such that for all X € g™, X -« = 0. Then ¢/ lies in the highest weight space, hence is a scalar multiple
of (v,w). Thus U C U’ and U s irreducible. By Schur's lemma’, it follows that the restriction of the
projections on U are isomorphisms. O

The fundamental weights wy, ..., w;, € h* are defined by w;(H;) = d;; for 1 <i,j < m. They are all
in W, and any weight in W, can be written uniquely as ", n;w;, n; € N.
But now, let us try to give an example to see what we did.

4.3.10 Representation of g = sl(n,C)

It is easy to see that the Cartan subalgebra is h = {H = diag(h1,--- ,hy): > h; =0}. Indeed, it is
abelian and ad(H) maps E;; to (h; — hj)E;j, where E;; denotes the matrix with a 1 in the i-th row
and j-th column and zeros elsewhere, hence ad(H) is diagonalizable. To see that b is maximal abelian,
if Y € sl(n,C) commutes with ), by computation it must be a diagonal matrix in b.

We define (@) : h — C, H — (hi — hj). One can check that they are roots if i # j, with associated
root spaces g;; = (E;;). Also —r(¥) = 1) We can now think of X ;) = F;;. We compute that
B(X,Y) =2nTr (XY). Then the identification of r(¥/) in b, via B, is
~ 1
Hi; = 5 (Eii — Ejj)-

One can also show that for each i < n — 1, r* := (41 is a fundamental root and [E; ;1 1, Eir14] =
E;—Ej; = 2nH;; := H;. So (Hz)zz%l span . The (X; := X (.i+1), Y; := X (414, H;) is isomorphic
to s(2,C). Let (m,C™) be the standard representation, which is clearly irreducible and has weights

L(g):{(l,O,...,O), (-1,1,0,...,0), (0,—1,1,0,...,0), ..., (0,...,0,—1,1), (0,...,0,—1)},

"A morphism between irreducible representations is either zero or an isomorphism.
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whose lowest is (0,...,0,—1) and highest is (1,0,...,0).

Next, we claim that A*C" is an irreducible representation of highest weight u(*) = (0,,---,0,1,0,---,0)
(1 only in the k-th component, zeros otherwise). The basis of A¥ C™ is {e;, A---Aej, iy < --- <ip}.
By Leibniz rules, each of them has weight L;, +---+ L;,, if L; : H — h;. The highest among them
is u¥) = Ly 4 -+ L;® because puy — (Liy, + -+ L;) = >, 2; 109D for some (7). One can
show that it is irreducible. Indeed, let W be invariant. Noticing [Eqp, Ecq]l = 0pcFad — 0a.dFcp,
b™ = spam(E;; : i < j) is a Lie subalgebra of sl(n,C), then we can apply Lie's theorem 3.2.5 for
b C gl(W) to obtain a nonzero vector w € W, a simultaneous eigenvector of each E;; € b™. As they
are nilpotent, then E;; - w = 0. Then w is a highest weight vector. We can check that there is no
e, A+ - Nej, with weight ,u(k) other than vy = e; Aea A+ - Aey (by the fact that the only linear relation
among the L; restricted to fj is Zi’f L; =0). It follows w = Avg, A € C. That means vy, € W. To con-
clude W = AFC™, let us prove that we can reach any e;, A- - -Aej, using only vy and the action of sl(n, C).
It suffices to see Eik,k “vg =er N Neg_1Nejy, Eik717k,1 . (Eik,k . 1}0) =e1N---Neg_oNeg, | Neg, .
Again and again® until Eij1- B k-vo=¢€; Nej, N~ Nej, .

4.3.11 Theorem. For any p € N"~1, there is a unique irreducible representation of highest weight 1,

FH - W(,u) = SyInﬂl (V) X Sym#2(/\2 V) ® - ® Syml"nfl(/\n—l V)

Proof. First, highest weights add under tensor products and scale under symmetric powers. Then W (1)
has highest weight . Let v be a weight vector of p. We claim that if U(g) is the universal enveloping
algebra of g, U(g) - v'° does the job. To see it we just need to prove the Poincaré-Birkhoff-Witt
(PBW) theorem11 for sl(n,C) case: any element X € U(sl(n,C)) can be written as a finite sum,
X =Yz’ 2 (j) xi), with 2 € U(b7), {L‘(()]) e U(h), ng) € U(bT). If v is a highest weight
vector, then each azgf) kills v, and each x(]) acts by a scalar; then X -v =3 ,¢cjz 2V v, ¢; € C. So
U(sl(n,C)) - v = U(b™) - v, which is irreducible. Indeed, if T is an invariant subspace of U(b™) - v
containing a nonzero vector u, we can act successively by elements of b™ to reach some % # 0 such that
for all X € b+, X () = 0. Let X be the weight of @ and y—\ = >/=7 " ¢; 1%, for some ¢; € N; viewing
them in each i-th copy of sl(2,C), (E; 1, Hi, Eit1,) inside sl(n, (C), each ¢; has to be zero. Then u
and v have the same weight and must be proportional, since the highest weight space of U(b™) - v is
one dimensional. So 7" contains U(b™) - v. O

The theorem 4.1.4 requires p in the Weyl chamber W, to be considered as a highest weight for some
irreducible representation. For sl(n,C), it is clearly W, = {\ € hp|A\1 > A2 > --- > A, }. This is an
identification with N"~1; they are the same, just different points of view. Also, r¥) = L; — L; and
after computation s,¢;) is the transposition (L;, L;). So the Weyl group of sl(c,C) is S,,.

4.3.12 Representation of g = sp(n,C)

Recall that sp(n,C) = 5 %T> | B € gl(n,C), S =5, 5. Like we did with sl(n,C), one can
-
show ) = {H = diag(h1,...,hn, —h1,...,—hy) | h; € C}is a Cartan subalgebra. Let My, ; = E, 1+

En+l7k-7 Nk,l = Ek,nJrl + El,n+k7 for k < l <n and Xk,l = EkJ — En+l,n+k7 for k 7é l, k,l <n. Then
[H, My1] = —(hi, + hi)) My, [H, Nig] = (hg + hi)Niy, [H, Xig] = (hg — hi) Xy

8Li:b — b, H — h,.

*We used that E.pep = €q, Eqpe; =0 for j # b, and the Leibniz rule on wedges.
smallest subspace invariant under the action of g and containing v.

"The idea is similar to lemma 4.3.9.
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These relations tell us the roots are £ : j — C, H +(h;+h;) fori < j <mnand () . h — C,
H— (h,—hj) fori # j < n. The root space g;; associated to root s() is spanned by M;;, g;; associated
to root —s(”) is spanned by N;;, and g;; associated to root () is spanned by X;;. We compute that
B(X,Y) = (2n+2) Tr (XY). Then the identification of s(/) and (%) in b, via B, is

- 1 ~ 1
Kij = 27’L+2(Ki+Kj) and Hij = 7272_'_2(}(1—

Kj), where Kz = X“

Clearly F = {r; := (12 ...y, g = r(=1n) v — (7)1 s Jinearly independent and we can generate

every root from them; then, by a suitable choice of regular element, F' can be taken as fundamental
roots.

Now let X; := X;;11, Y == X;4q fori <n—1and X,, :== Ny, Y, := M, ,. We can check by
computation that if H; = [X;, Y] (it is (2n + 2)H;; for i < n —1 and (2n + 2)Ky; for i = n), then

(X;,Y:, H;) is isomorphic to s[(2,C) and (H, )1:711 ! span b.

Consider the representation of sp(n, C) on W = C?", 7 by X - v = Xw. It is irreducible with weight
L(g) = {+w® 1<k <n}, w®=(,0,...,0), w* =(0,...,0,-1,1,0,...,0), w™ =(0,...,0,

The highest weight is now w(V).

Now consider 7, = A¥W. It is not irreducible for 2 < k < 2n — 2. Indeed, choosing a symplectic
invariant form w € A2W, one can define L : A "2W — A*W by o — w A . We claim that the image
of L is invariant under the action and is not zero, hence we obtain a subrepresentation that is neither
zero nor all of AFIW. By duality, we should expect irreducibility for the cases k = 2n — 1 and 2n; for
sp(n,C), A2 ITW X AW =W,

This representation has weights £(g) = {#w(™) 4+ ... +w®) | i} < ... <i; <k, k— [ even}.

Define K : AFW — AF2W by K(vg A -+ Awyg) = Di<ici<k WLV VLA DT A Vg
(w(Mu,v) + w(u, Mv) = 0). We claim that I'y, := Ker K is g-invariant.

Let z € ker K, M € sp(n,C).
k

K(?Tk(M) (U1/\"‘Avk :ZK 1)1/\ /\Mvp/\-"/\vk)

_Z w(v, v;) Ta (M )01 A= - Bi- - -0+ - - Awy,)
1<j

—1—2 w(Mwv;,vj) + w(vi, Mvj)) viA- - Tj- - Tj- - - Avg
1<j

= 7Tk,2<M) K(’Ul/\' . ‘/\Uk).

Therefore, for 2 € ker K, K (mp(M)z) = mp—2(M) K(z) =0 = mp(M)z € ker K.

Moreover, it is irreducible and one can show it has highest weight pi(H) = hy +-- -+ hy for k <n—1.
So we have now the irreducible representations corresponding to the fundamental weights.

4.3.13 Corollary. For any 1 € N1, there is a unique irreducible representation of highest weight i,

L, € W(u) =Sym" (W) @ Sym"?(I';) ®@ --- ® Sym""(T},).

The proof is similar to what we did with 4.3.11.

~1,1).



5. Final Remarks

The Lie algebra of a Lie group encodes a great deal of information about the group itself. In many
cases, the classification of Lie algebras leads directly to the classification of Lie groups up to local
isomorphism. Although this project did not cover the full classification theory, it is worth noting that
complex semisimple Lie algebras are already completely classified via Dynkin diagrams, a remarkably
elegant combinatorial tool. Due to time constraints, we have not presented the theory of Dynkin
diagrams in detail.

The study of Dynkin diagrams, together with the theory of the Weyl group, provides the complete
classification of complex semisimple Lie algebras. These results also shed light on the classification of
real semisimple Lie algebras and, consequently, on semisimple Lie groups. In particular, the passage
from complex to real forms involves understanding the structure of non-compact real forms, a subject
rich in both algebraic and geometric insights.

So this thesis is just a starting point for the study, but we expect to be able to do similar things for real
ones and other interesting classes of Lie algebras and Lie groups.

While this thesis focused on the interplay between Lie groups, their Lie algebras, and their representation
theory, much remains to be explored. Also, studying the representation theory with plethysm can be
more combinatorial, which is also very interesting. The tools developed here—geometric analysis via
left-invariant metrics, the study of exponential maps, and the use of representation theory—form a solid
foundation for deeper investigations into the classification and structure theory of Lie groups. Knowing
the curvatures may help us to understand the Lie groups and vice versa.

Further directions include studying the role of Cartan connections in the classification of homogeneous
spaces and symmetric spaces, exploring the relation between curvature and representation theory, and
applying these ideas to the theory of real semisimple Lie groups. Also, having Cartan connections, we
can study geodesics in terms of algebraic concepts: the exponential map.
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