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Abstract

It is common in many mathematical contexts to have the notion of a “free” structure on a collection of
generators. Typically these are in algebraic settings where the free algebra on a set of generators can
be understood as the generic algebraic structure containing those generators and which is “free” of any
relations or restrictions besides those that are imposed by the axioms of the algebra itself.

In a free group, each element is uniquely represented as a reduced word composed of generators and
their inverses. These words can be manipulated using concatenation and cancellation. Free groups arise
in various contexts.

In combinatorial group theory, they serve as a model for understanding the structure of groups and
their interactions with other algebraic structures. They also arise naturally in topology and geometry,
particularly in algebraic topology.

This project will start with an overview of free structures and some of their applications. It will then
introduce the category theory required to describe free objects using the language of adjunctions. This
categorical insight gives both a unity to the many examples and opens up further examples and appli-
cations of free objects.
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1. Introduction

The notion of free object has its roots in various branches of mathematics, where structures like free
groups, free lattices, and free algebras emerged in response to the need to understand systems generated
in the freest possible way. This idea was formalized and extended to other structures through category
theory, a field that unifies and generalizes many mathematical structures and constructions.

Walther Dyck is credited with noting the importance of free groups in combinatorial group theory in
( , ), and thereafter the initial explorations of free structures followed in the early 20th century.
For example, Jakob Nielsen introduced free bases for free groups around the 1920s, and his work was
fundamental to the understanding of free groups. In his paper “On non-commutative rings and their
use in group theory” ( , ) he showed that we can construct a set of free generators for
the subgroup generated by a set of words in a free group. Simultaneously, Max Dehn studied the
fundamental groups of surfaces, introducing methods that are crucial for today’s theory of free groups
in his work which was later translated in “Transformations of curves on two-sided surfaces” ( ,

).

In the 1930s and 1940s, lattice theory, largely developed by Garrett Birkhoff and Alfred Tarski, highlighted
free constructions within lattices and Boolean algebras. Notably, Philip Whitman provided the first
explicit construction of a free lattice on more than 3 generators ( , ). The work of Marshall
Hall and Philip Hall in the 1950s further deepened our understanding of free algebras, particularly in
associative and Lie contexts.

Indeed, in most algebraic settings the question of describing the “free” objects became an important one.
Their study is motivated by their ability to model systems in the most general possible way. In many
contexts, constructing a free object involves capturing the essential relationships among the generators
of a structure without imposing additional constraints. For example, a free group on a set of generators
is the most general group containing those generators with no relations other than those necessary to
satisfy the group axioms. As such free algebras are fundamental tools for understanding the underlying
structures of algebraic systems.

Free objects play a crucial role in various branches of mathematics, not only in algebra but also in
topology and logic, for instance. In topology, free spaces and metric spaces are often trivial constructions,
but free objects appear in the study of fundamental groups and covering spaces and algebraic topology.
In logic, free constructions are essential for understanding model theories and rewriting systems notably
in free boolean algebras, and free Heyting algebras.

Pointfree topology is an approach to topology in which the lattice of open sets of a topological space
is the central object of study, not the points of the space, and in which we think of spaces as purely
algebraic objects. In this approach, free semilattices, free lattices, free frames and free complete Heyting
algebras are interesting subjects to explore and understand.

Category theory provides a unifying theory and language in mathematics. We can use this language to
extract the essential nature of free objects and arrive at a single definition that applies in many contexts.
From this point of view, the free construction amounts to finding the left adjoint of a forgetful functor.
Adjoint functors in turn interact nicely with limits and colimits which means that free constructions
often assist in the identification and construction of limits and colimits in specific contexts.

We give special attention to the construction of free frames. ( ) and
( ) both provide free constructions for semilattices, lattices and frames. We follow Johnstone's lead
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where moving from semilattices to frames, he introduces the concepts of coverage and site.

We extend his definition of maps that “transform covers to joins” to get the morphisms of the category
which we establish. We show that the notion of “frame freely generated by a site” can be seen as free
object of a site with respect to a functor which we will construct.

We also provide left and right adjoints to the trivial functor from frames to sites.

Outline of the Project

In this project, we will explore the concept of free objects within the framework of category theory. Our
investigation is structured as follows.

Chapter 1, the current chapter, provides a brief introduction.

Chapter 2 covers the foundations of category theory. We will begin with the basics, including essential
definitions and general concepts such as categories, functors, and natural transformations. We will also
delve into specific topics like the category of frames, limits and colimits, and adjunctions.

Chapter 3 is dedicated to understanding free objects through classical constructions. We will examine
various examples, including free monoids, free groups, free semilattices, free frames, and free Heyting
algebras. Through these examples, we aim to illustrate the construction and significance of free objects
in different mathematical contexts. We will also provide some forgetful functors that do not admit free
functors.

Chapter 4 touches on what free constructions can provide to mathematics and how one establishes the
non-existence of free objects or ways to construct free objects using categorical methods.



2. Category Theory

We start by providing the important concepts in category theory. Most of the definitions, theorems,
propositions, and constructions in this chapter are taken from ( ) ( ), and

( ). We give the basic concept in category theory: functors, natural transformations, limits, and
andjunctions which we need to define the free constructions.

2.1 Generality

2.1.1 Definition. A category C consists of:
(i) a collection of objects whose each element is called C-object or object of C;

(ii) a collection of morphisms each having an object as its domain and an object as its codomain
whose each element is called C-morphism or arrow (morphism) in C;

(iii) a composition o, defined for pair (g, f) of morphisms if domain of g and codomain of f are the
same and assigns to a new morphism g o f of domain f’domain and codomain g'codomain;
so that:

(iv) for each object O, there is an identity morphism of O with domain and codomain O, written 1¢;
(v) for any objects O, P, @, R and morphisms f, g, h with domains O, P, ) and codomains P, Q, R:
= folp=f=1pof;
« ho(gof)=(hog)of.

2.1.2 Remark. We will write “A € C" instead of A is an object of C and “f in C" instead of f is
a morphism of C. We denote Ob(C), the collection of objects of C (the C-objects) and Mor(C), the
collection of morphisms of C (the C-morphisms). If the morphism f has domain A and codomain B,

we will simply write f : A — B or A 4y B. We can simply write fg for f o g and call it “f composed
with g". We denote C(A, B) the collection of all morphisms with domain A and codomain B.

2.1.3 Example. We can easily check that we have a category of sets, Set where the objects are all
sets, the morphisms are the maps, the identity is the identity map of each set and the composition is the
map composition. We can imagine similarly the category of semigroups Sgrp, monoids Mon, groups
Grp, rings Rng, unitary rings Ring, vector space over K, Vectg where the morphisms are semigroups
homomorphisms, monoid homomorphisms, group homomorphisms, ring homomorphisms, linear maps.
We also have the category of Topological spaces Top where the morphisms are the continuous maps
with the composition as maps.

2.1.4 Definition ( ( ) p8). A subcategory D of a category C is defined by restricting to a
subcollection of objects and subcollection of morphisms subject to the requirements that the subcategory
D contains the domain and codomain of any morphism in D, the identity morphism of any object in D,
and the composite of any composable pair of morphisms in D.

2.1.5 Example. Grp is a subcategory of Mon. Mon is a subcategory of Sgrp.
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2.1.6 Definition. A category C is small if it has a small set of objects and a small set of morphisms.
More precisely, Ob(C) and Mor(C) are sets. On the other hand, a category C is locally small if C(A, B)
is a set for any A, B objects of C. In this case, we call it a hom-set, often denoted by Hom¢ (A, B).

2.1.7 Example. If we consider the poset (X, <) as a category (see Remark 2.2.2), it is small because
Ob(X,<) =X and Mor(X, <) =< as a subset of P(X) are both sets. The category Set is not small
because the collection of all sets, Ob(Set) is not a set; but it is locally small because for each set A
and B, C(A, B) is a set.

2.1.8 Definition. Given a category C, we can define a dual category C°P, the opposite of C. C and
C° have the same collection of objects and C°?(A, B) = C(B, A) for any A, B objects of C. For f
in C°?(A, B) and ¢°? in C°?(B, C') (with representantives in C are f € C(B, A) and g € C(C, B)), the
composition, in C, g°P f°P is the morphism of representive f o g in C(C, A).

2.1.9 Example. Let (X, <) be a poset. Let's consider > the opposite of the relation <. It means that
forany z,y € X: x > yif and only if y < x. We know that such a relation gives us a new poset (X, >).
Considering (X, <) and (X, >) being category, we can verify that (X, >) is opposite of (X, <).

2.1.10 Definition (Monomorphism, Epimorphism, Isomorphism). Let f: B — C in C.
(a) f is a monomorphism if for every g,h: A — B in C, fg = fh implies g = h.
(b) f is an epimorphism if for every g,h: C' — D in C, gf = hf implies g = h.

(c) f is an isomorphism if there is a morphism g : C — B in C such that gf = 1p and fg = 1¢.
Such g is necessarily unique, denoted by f~'. In this case, C and B are said to be isomorphic,
writen C = B.

2.1.11 Example. For the categories, Set, Grp, Top, epimorphism is the same as surjective and
monomorphism is the same as injective. For Ring, epimorphisms are not always surjective. The
inclusion from Z to Q is a counter-example.

2.1.12 Proposition. If a morphism f : B — C is an isomorphism, then f is an epimorphism and a
monomorphism.

Proof. Let a,b: A — B and a/,b' : C — D such that fa = fband a'f = b'f then f~'fa = f~1fb
and ' ff ' =bff' So, 1gpa=1gband a’lc =b1lc. Thusa=band a’ =1V'. O

2.1.13 Remark. It is not enough for a morphism to be an isomorphism if it is a monomorphism and
an epimorphism. For instance, the morphism z — z from {a,b} with discrete topology to {a,b} with
indiscrete topology is an epimorphism and monomorphism but not isomorphism in the category Top.

2.2 About frames, locales, and Heyting algebra

In this section, we describe the objects that we use frequently in Pointfree Topology. The most important
are those that concern frame, localic, and Galois connections found in the excellent book by

(2011).
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2.2.1 Definition. A poset is given by a couple (X, <) where X is a set and < is a partial order
relation on X. If we consider the map between two posets which preserves order, we get: a category
of poset Pos whose objects are posets and morphisms are order-preserving maps. Composition is the
composition of two maps.

2.2.2 Remark. For a given poset (X, <) we can see X as a category where the objects Ob(X) = X
and the only morphism a — b is a < b if this is the case but X (a,b) = () otherwise. The composition
is just the transitivity. The identity morphism is ensured by reflexivity, and the associativity is by the
uniqueness of morphism from one object to another if it exists. (This category has nothing to do with
Pos).

2.2.3 Definition. A meet-semilattice is a poset that admits all finite meets, including a top element
1 (here, with bottom 0). We get the category of semilattice M\SLat* if we consider the morphisms
as the structure-preserving maps (semilattice homomorphism). Composition is the composition of two
maps.

For the meet-semilattice, not necessarily with bottom 0, we denote it MSLat.

2.2.4 Remark. A meet-semilattice is entirely determined by the meet operation. Indeed, for (S,A) €
MSLat, the order is given by a < b if and only if a Ab = a. The preserving order property also follows.

2.2.5 Definition. A lattice is a poset which admits all finite meets and finite joins. We obtain the
category of lattices Lat if we consider the morphisms as the structure-preserving maps (lattice homo-
morphism). Composition is the composition of two maps.

2.2.6 Definition. A complete lattice is a poset which has all joins and all meets. We obtain the
category of complete lattice CLat if we consider the morphisms as the structure-preserving maps.

2.2.7 Definition. A frame is a complete lattice L satisfying the distributive law

a/\(\/ b) = \/(a/\b) forany a € L any B C L.
beB beB

We get the category of frames Frm if we consider the morphisms as the structure-preserving maps
(frame homomorphism) in the sense of preserving order, top, finite meets, and arbitrary joins.

The Category of locales, Loc is the opposite of Frm.

2.2.8 Example. If we have a topological space (X, 7x), the poset (7x,C) is a frame. Indeed, the
intersection (meet) of finite open sets is an open set and the union (join) of any open sets is an open
set. Note that the arbitrary meet is the interior of intersection. Moreover, the distributive law is clear
from the property of union and intersection.

f
2.2.9 Definition. For a two Pos-morphisms (A4, <) = (B, <), f is a left adjoint to g (or g right adjoint
g
to f) means
Vaec A,be B: f(a) <b <= a < g(b). (2.2.1)

2.2.10 Remark. The adjoints of a given map do not always exist but, if it exists, it is unique.
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2.2.11 Remark. The left adjoints preserve all joins, and the right adjoints preserve meets. We will
prove this and discuss its converse in general category in Theorems 2.7.10 and 2.7.11 but for now, we
skip the particular proof. These particular cases are found in the Appendix 1.5 of

(2011).

2.2.12 Remark. Any Frm-morphism A L B admits a right adjoint g, which can be expressed:

Vbe B:g(b):= \/{x € A: f(x) <b}. (2.2.2)

Because of the uniqueness of adjoints, we can consider the Loc-morphism (localic map), as a right
adjoint to a Frm-morphism.

2.2.13 Definition. Let L be a lattice. A binary operation — on L is called the Heyting operation(arrow)
if for any a,b,c € L,
a<(b—c) <= anb<ec

2.2.14 Remark. For any a € L, the preserving order map (a — —) is the right adjoint to the order-
preserving map (a A —). So, the Heyting operation does not always exist, and if it exists, it is unique.

2.2.15 Definition. The Heyting algebra is a bounded lattice with a Heyting operation. A morphism
of Heyting algebra is a Lat-morphism which preserves the Heyting operation. We get a category Hey
of Heyting algebra. If in addition, the lattice is complete, we call complete Heyting algebra, and the
category corresponding, we will denote CHey.

2.2.16 Theorem. A complete lattice . admits a Heyting arrow if and only if it is a frame.

Proof. From left to right, we use Remarks 2.2.14 and 2.2.11. From right to left, we can check:
a—>b:\/{a:€L:a/\x§b}

verifiesforall ¢ € L: ¢ < a — bifand only if cAa < b. Indeed, if cha < b, c € {x € L : aAx < b}. Then
c<a—b. Finally, ifc<a— b, anc <aAV{x € L:arz <b} =\{aAz:x € Lianx <b} <b. O

2.2.17 Definition. A subset S of locale L is said to be sublocale of L if it is closed under all meets
and absorbs Heyting of elements in the sense that forany s€ Sandx € L, z — s € S.

2.2.18 Proposition ( ( ))- Let L be a locale. A subset K of L is a sublocale of
L if and only if K is a locale in the induced order and the embedding map is a localic map.

Proof. See the proposition 2.2 in ( ), page 26. O

2.3 Functor and natural transformation

2.3.1 Definition. For categories D and C, a functor F : D — C consists of two suitably related
mappings: the object mapping F, which assigns to each object O of D to an object FO (or F(O)) of
C and the morphism mapping also F, which assigns to each morphism f of D to a morphism Ff (or
F(f)) of C that respects the domains, codomains, the identity, and the composition.
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2.3.2 Example. Lc: Top — Loc

Lc: Top — Loc (2.3.1)
(X,Tx) — LC(X,T)() = (Tx,g)

(X,mx) L5 (V) o (. € ) S (1, € ) with Le(f) - U = Y\ FIX\ 0]

For each object, it is well-defined by Example 2.2.8. To check why the morphism mapping is well-
defined: we know that f~'[B] C Aif and only if B C Y\ f[X \ A] forany map f: X — Y, subset B
of Y and subeset A of X. Then for any continuous maps f : (X,7x) — (Y, 7y) and for any A € 7x,

Bery, fFAB]CAifandonlyif BC (Y \ f[X\A) =Y\ f[X\A4].

Then the inclusion-preserving map, A — Y \ f[X \ A] is a right adjoint to f~! which we will show at
Example 2.3.7 as Frm-morphism. So the mapping U +— Y \ f[X \ U] is a Loc-morphism.

Moreover, it respects domains and codomains by construction. Obviously, it respects identity.

Now, let f : (X,7x) — (Y,7y) in Top, E C X, y € f[E] and O be neighbourhood of y. We
have some = € E such that f(x) = y. By continuity of f, f~![O] is a neighbourhood of x. Then
Enf70] # 0, so f[EN f71[0]] # 0. Hence f[E]NO # O (because f[EN f~1[0]] C f[E]NO).

Then, y € f[E]. Therefore f[E] C f[E]. Thus, f[E] = f[E].

This equality ensures the composition by the fact Z \ g[f[X \U]] = Z \g[Y \ [Y \ f[X \ U]]]-

2.3.3 Remark. We often define the morphism mapping to respect the domains and codomains by
construction. So, sometimes we don’t need to explicitly check if it respects domains and codomains.

2.3.4 Example. Let A, B be two categories and X an object of B, we can define a constant functor
Ax : A — B maps A — X, and any arrow to Idx; and also the identity functor Id4 : A — A
which assigns each object to itself and each morphism to itself. On the other if A is a subcategory of
B, we have an inclusion functor I : A — B which assigns each object to itself and each morphism to
itself.

2.3.5 Definition. A forgetful functor is a functor that is defined by ‘forgetting’ some structure. For
example, the forgetful functor from Grp to Set forgets the group structure of a group, remembering
only the underlying set and map.

2.3.6 Definition. A contravariant functor : D — C consists a functor F : D°? — C.

2.3.7 Example. ) : Top — Frm

Q: Top — Frm (2.3.2)
(X,TX) — Q(X,Tx) = (Tx,g)
(X,mx) L (V,rv) = (v, € ) 29 (rx, © ) with Q(f) : U s fHU).

For each object, it is well-defined by Example 2.2.8. We know that f~![—] preserves inclusion, finite
intersection, and arbitrary union then it is a Frm-morphism. Moreover, €2 respects the composition
because

YW € Q(2), (g0 £)7' V= g VI (if (Yiry) %5 (Z.0(2)) in Top).
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2.3.8 Definition ( ( ))- Let K be a small category and C a general one. A
(K-)diagram (in C) is a functor D : L — C. When we say diagram, it means that the domain is small.
2.3.9 Definition. A functor F: D — C is
(a) faithful if for each A, B € D, the map F: D(A, B) — C(F(A),F(B)) is injective.
(b) full if for each A, B € D, the map F : D(A, B) — C(F(A),F(B)) is surjective.
(c) embedding if it is faithful and the map: F : Ob(D) — Ob(C) is injective. Such F identifies the
D as a subcategory of the C.

2.3.10 Definition. The subcategory D of C is said full subcategory if the inclusion functor is full.

2.3.11 Example. The Grp is a full subcategory of Mon but Mon is not a full subcategory of Sgrp
because any Sgrp-morphism between two monoids does not always preserve the neutral element.

2.3.12 Remark. Any functor preserves isomorphism and if it is full and faithful, it reflects isomorphism
which means the image of f is isomorphism implies f is isomorphism for any f in the domain category.

2.3.13 Definition. Let F,G : D — C two functors. A natural transformation

a:F == G is a collection of morphisms in C o = (a4 : F(A) — G(A)) such that for any

AeD
A F(4) = G(4)
fl inp the square: F(f)l l@(f) commutes.
B F(B) £ G(B)

We say « is a natural ismorphism if each a4 is an isomorphism. In this case, we write F = G.

2.3.14 Example. We can verify that P : Set — Set, S — P(S), f — f[—] is a functor. If we define
ns : S — P(S),z +— {x} for each set S, we can get 7 := (7s)scset IS a natural transformation

n:Idges = P.

F
2.3.15 Definition. The category A and B are equivalent if there exist two functors A = B and two
G

natural ismorphisms o : Idy = GF and 8 : FG == Idg. On other, they are isomorphic if there

F
exist two functors A = B such that Id4 = GF and Idg = FG. In this case, we write A = B.
G

From these definitions, isomorphic implies equivalent but the converse is false in general. For instance,
let's take A be the discrete category with one object a and B is a category with only two objects b, ¢

/
and only two no-identity morphisms b = ¢. The functor F : A — B, a — b and the only functor G from

g
B to A give us the equivalence of A and B but we know clearly that they are not isomorphic.

2.3.16 Definition. Given two categories D and C, [D,C] (or else CP) is a category whose objects are
functors D — C and whose arrows are natural transformations between these functors.

It is easy to check that it is a category.
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2.4 Universal properties, representability, and the Yoneda lemma

2.4.1 Definition (initial, final object). Let C be a category and A be an object.

(a) Ais an initial object if for every B object of C there exists an unique morphism f from A to B.
That means C(A, B) is a singleton for any B € C.

(b) A is a final object if for every B object of C there exists an unique morphism f from B to A.
That means C(B, A) is a singleton for any B € C.

We can see that the notion of the final object is dual to the notion of the initial object.

2.4.2 Proposition. Let C be a category and A, B be two objects of C.

(a) If A and B are both initial objects then A and B are ismorphic.
Indeed, we must have a morphism from A to B f: A — B and a morphism from B to A
g: B — A. Then we have fg: B — B and gf : A — A that must be 15 and 14 by
uniqueness of the element of C(B, B) and C(A, A).

(b) If A and B are both final objects then A and B are ismorphic.
By duality.

2.4.3 Definition. Let C be a locally small category and A € C. We define a functor, called hom-set
functor C* = C(A, —) : C — Set which assigns B — C(A, B) and f + C(A, f) where C(A, f)(g) = fg.
We denote C(A, f) = f«. We also have dually a functor C(—, A) denoted by f* =C(f,A): g+ gf.

2.4.4 Definition. Let C be a locally small category. A functor F : C — Set is representable if F is
naturally isomorphic to C4 for some A € C.

2.4.5 Example. The forgetful functor U : Grp — Set is represented by the group Z. For any group
G, we can consider the map ag : G = U(G) — Grp(Z,G), g — (n — ag(g)(n) = g"). It is clear
that the correspondence (n — ¢™) is a group homomorphism for any g € G then «g is well-defined.
Considering the map S : Grp(Z,G) — G, f — f(1) which is cleary well-defined. Moreover,

Vg € G : Bgoag(g) = Ba(n + g") = g; Vf € Grp(Z,G) : agofa(f) = ac(f(1)) = (n— (f(1)" =

which ensure us ag is a bijection for any G. It remains for us to show that a = (ag)GeGrp is a natural

transformation. Furthermore, for any G, H € Grp,f : G — H, g € G, it is also clear that

an(f(g)) = (k= (f(9)") = (k= f(g") = ((m = f(m))o(k — g")) = foac(g) = Grp(Z, f)(ac)(g

Hence, VG 1y H in Grp: Grp(Z,f)oag = ayoU(f).

2.4.6 Remark. A representable functor preserves monomorphism and a faithful functor reflects monomor-
phism.

2.4.7 Proposition (Yoneda Lemma). Let F : C — Set be a functor where C is locally small and
O € Ob(C). Then there is a bijection

pf i {a:C% == F} — FO, given by pf () := ao(10).

Moreover, this correspondence is natural in both O and F.

fn) =r.

).
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Proof. Clearly pEQ is well-defined. For any z € FO, ¢z := C° == T such that for any C-object A,
pxry:C(O,A) - FA, f— (Ff)(x). For any C-object A, ¢x 4 is well-defined.

So ¢ : FO — {a: C° == F}, x — ¢x is well-defined because ¢, is always natural transformation by
C(0,Fm) o w4(n) = Fm[Fn()] = [F(C(O,m)(n)](x) = 65 0 C(O,m)(n)

for any A "% B,O -+ A in C. Moreover, for any x € FO, pQ o ¢(z) = ¢pxo(10) = (Flp)(z) = =.
In addition, for any « : cO = F:

VAeC,0 -5 A: (o pf () (m) = (¢(ao(1o)))A(m) =Fm(ao(10)) = aa(m).
Hence, the bijection. It remains for us to prove the naturality in O and in F. For O 2 AinC
Va: O = F:Fmopf(a) = Fm(ao(10)) = aa(m) = o ((f = ap(fm)) yee) = po(m*)"! (@)
Then we have naturality in O. On the other hand, for any 5 : F = G, a:0% = T,

Bo o pf () = Boao(10) = (Ba)o(10) = p& © Bu(a).

Thus the naturality in F. O

This lemma is useful, has many interpretations such in representability and the fact that any locally
small category C, there is a faithful and full embedding from C to Set¢” .

2.5 Some constructions

2.5.1 Products, coproducts

2.5.2 Definition. Let S be a family of objects of a category C. Let us construct a category C(S) whose
objects are pairs (O, m), where O is an object of C and m is a collection of morphisms of domain O
and codomain in S in the sense: m = (mq : O — Q) 55

The morphisms from (A, m) to (B,n) are all morphisms f : A — B such that:

VQ e S nQof:mQ.

We can easily check that it is a category (composition is like in C).

2.5.3 Definition. A product of S is a final object (P, p) of a category C(S), often denoted

H Q, the morphism (pg)qges are the projections.
QeS

In particular if S = {X,Y}, the product of S is often written X x Y (binary product).
Dually, a coproduct of S [[5es @ is collection of morphisms g = (gq : @ — C)qes such that for any
collection m = (mg : Q@ — A)ges, there is an unique f : C' — A such that fgg = mg for all s € S.

'm* is about hom-set functor defined at Definition 2.4.3 but the second star in (m*)* is something like abuse extension

of this concept for an natural transformation. It assigns oo = (@a)a object to am™ := (f — aa(m*(f)) 4 object-
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2.5.4 Remark. Products do not always exist. The discrete category can be taken as a counter-example.

But, by Proposition 2.4.2, if the product exists it is unique up to isomorphism.

2.5.5 Example. We consider the poset (R, <) as a category and S a set of some object of R (S C R)
which is bounded below by a. For any a € R, (a,m) € C(S) for some m, means clearly that a is a
lower bound of S. By definition of infinima of S, « is lower bound of S: a < s for each s € S and for
any lower bound o’ of S: o’ < . That ensure us (o, m) € C(S) for some family m of morphisms and
for all (a,m") € C(S) there is a morphism (a,m’) to (a, m) which is clearly unique by the definition of
category (R, <). Hence («,m) is the product of S.

It can be generalized in all posets as a category.

2.5.6 Equalizers, coequalizers

Let's introduce a terminology in Leinster (2014): a fork in C on t and s is the objects and morphisms

O™ X ==Y such that tm = sm.
t

2.5.7 Definition. Let X iﬁ Y be two paralel morphisms in a category C. Let's construct a category
t
of forks on t and s, CF[s, t] = CF[t, s] which the objects are all forks of type O " X iﬁ Y and the
t

morphisms from A — X i; YtoB " X iﬁ Y are all morphisms f: A — B in C such that
¢ ¢

m=mno f.

We can easily check that it is a category (composition is like in C).

2.5.8 Definition. For X i; Y two parallel morphisms in a category C, an equalizer of ¢ and s is
t

a morphism £ — X in C such that £ - X iﬁ Y is a final object for the category CF[s,t], we
t

denote it Equ(s,t).
Dually, we define coequalizers but | want to define it differently in Example 2.6.10.

2.5.9 Example. In Set, for two parallel maps X i; Y, we can consider the set
¢

E = {x € X/s(z) = t(x)} with the inclusion map i : E < X. By construction E Ly X iﬁ Y is
t

a fork on s and . It is universal among all forks on s and ¢ (final object). Indeed for each A N X,
if sf =tf (we have f[A] C E), then f: A — E, a— f(a) = f(a) is well defined and if = f which
means that f is a morphism of forks from to A RINS's iﬁ YtoE X ﬁ Y.

t t

If (A N X) % (E - X) in CF[t, ], then ig = f and for all a € A : ig(a) = f(a). Hence g = f.

Hence E — X i; Y is a final object of the category CF[s, t| then equalizer of X i; Y.
t t
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2.5.10 Example. Let G 1y Hbein Grp, : G — H,x — ey and , we have Ker(f) be the kernel
; f
of f. Then Equ(f,0) = Ker(f) — G —— H where i is the inclusion.
0

2.5.11 Pullbacks, pushouts

2.5.12 Definition. Let A —» O, B 15 0 two morphisms in a category C. Let's construct a category
CPlt, s] which the objects are all pairs of morphisms (X I AX B) such that the diagram

X —" B
nJ{ J{s

A——7F—O0

commutes and the morphisms from (X % A, X - B) to (Y m, A X N B) are all morphisms
f: X — Y inCsuchthat m =m'f and n =n'f.
We can easily check that it is a category (composition is like in C).

2.5.13 Definition. A pullback of A =5 O, B 5 0'is a final object of the category CP[t, s].

Dually, a pushout of A <& O L BisAS P <i B such that tt = 5s and for every A i> X <B
satisfying gt = fs there is an unique m : P — X in C such that mt = g and m3s = f.

2.5.14 Example. In Set, for A - 0, B -5 0, E := {(z,y) € A x B : s(z) = t(y)}. We can verify
that (E 2 A, E %2 B) is a pullback of A -+ O, B 50 (g4, qp are the projections’ restrictions).

2.5.15 Proposition ( ( ) Corollary 5.6). If a category C has binary products and equalizers,
then it has pullbacks.

Proof. Let A =5 O, B 5 0inC. We get P=AXB % O and the equalizer of this parallel
topp

pair be (E, ). We can verify that (E ™25 A, E *2% B) is a final object of CP]t, s). O

2.6 Limits and colimits

To establish limits (with colimits), let's define the lower bound (with upper bound) according to the
terms used by ( ).

2.6.1 Definition. Consider a K-diagram D : K — C. A lower bound of D is an object X of C
together with a collection of morphisms in C (fo : X — D(a)),_,- such that :

a Da

commutes. X is said vertex.
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2.6.2 Remark (Category of lower bounds of D). A morphism of lower bound (of D) from
(fo: X —D(a)), o to (9o : Y —> D(a)), is a morphism m : X — Y in C such that

Yae K: fo=gqs0m.
We can easily check that it is a category (composition is like in C).

2.6.3 Remark ( ( ) p74). Considering the constant functor Ax : K — C (see Example
2.3.4), a cone (or lower bound) of D : K — C is a natural transformation (X, ax : Ay == D).

2.6.4 Example. Let's consider the poset (P, <) as a category. Be A a subset of P. Since (4,<) is
naturally a poset with the induced order. Consider the inclusion maps I as a functor (easy to verify). A
lower bound of a functor I is none other than the usual lower bound of A in the poset.

2.6.5 Definition. A limit of D is a final object of the category of lower bounds of D.

2.6.6 Example. If we return to Example 2.6.4, we can see that if P is a (complete) lattice, the limit
of the inclusion functor I4 : A — P is the A\ A.

The upper bound of D and colimit are defined dually.

2.6.7 Definition. Let a K-diagram D : ' — C. A upper bound of D is an object X of C together
with a collection of morphisms in C (f, : D(a) — X)), such that :

Ya 5bin K: f,= f,oDa.

2.6.8 Remark (Category of upper bounds of D). A morphism of lower bounds (of D) from
(fa : D(a) — X), i to (90 : D(a) — Y),_, is @ morphism m : X — Y in C such that for all a
object of K, g, = m o f,. We can easily check that it is a category (composition is like in C).

2.6.9 Definition. A colimit of D is an initial object of the category of upper bounds of .

2.6.10 Example. Let F be the category in which the objects are x and y and only non-identity arrows
are 8:; y. Now, let's consider a F-diagram D : ¥ — C which sends z — X, y — Y, s’ — s and
t/

t' + t. The upper bound of D are (X ly & Y') such that f = gs and f = gt , thus, gs = gt. So,

we can forget f and think only that a upper bound of D are Y 5 Vinc satifying gs = gt.
Then, colimit of D is a morphism (Y % O) in C such that as = at and for every (Y % V) verifying
gs = gt, there is an unique O —= V such that ma = g¢.

This colimit is none other than the coequalizer of X i; Y, which is dual of Definition 2.5.8.
t

2.6.11 Remark. The limit and colimit of a diagram do not always exist. But if they exist, they are
unique up to isomorphism by Proposition 2.4.2.

We could verify that all of the constructions at 2.5 are particular cases of limits and colimits.

2.6.12 Definition. A category C is complete (resp. cocomplete) if each diagram in C has a limit (resp.
colimit).
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2.6.13 Theorem (Freyd-Maranda Picado and Pultr (2011)). A category C is complete if and only if it
has all products and equalizers.

This proof is not similar to the proof in Picado and Pultr (2011) but | will detail the one in the Lectures

by Peter Johnstone, Category Theory at Cambridge University, Part 111 Michaelmas 2015.

Proof. For the direction left to right, for any S family of objects in C, we can consider the category Zg

whose Ob(Zs) = S and there is no non-identity arrow and for any parallel arrows X i; Y, we can
t

consider the category £ whose Ob(€) = {X, Y} and the only non-identity arrows are X i; Y. Now,
t

define the diagram (functor) D : Zs — C wich assigns S +— S, Idg +— Idg forany S € Sand E: £ — C

wich assigns X — XY — Y, s+ s and t — t. We can see that the product of S and the equalizer of

X i; Y are the limits of D and E which exist.

t
For the direction right to left, for any diagram D : X — C, then we consider two products:

[IDi =(P ™ Di), . ie ¥(A "5 Di), ., 3IA " P (Yie K:moh=a); (2.6.1)
1€k
H Deod(a) =(Q 2% Deod(wv)) ie V(B LN Deod(a)),, . o 3'B 5 P(Va:paon=b,). (2.6.2)
ain K

i€k’

If we define (fo := Teoda) : P — Deod(ar)), ;.. - and (ga = Da o Tgom(a) : P — Deod(a))
(2.6.2) tells us that there exist an unique f : P — @ and an unique g : P — @ such that

ain K’
Vain K: pof=fa and  pag = ga- (2.6.3)

f
Now, let (L, \) be the equalizer of P ——= @ and denote \; = m; o A : L — D for each i € K.
g

For any i — jin K, since (L, \) is the equalizer: goA = fa ), so (Da)\; = (Da)mA = 7;A = A;. Then
(Ai : L — Di)ex is a lower bound of . Next, let's take an arbitrary lower bound (p; : X — Di)iex.
Since (2.6.1), there is an unique X 5 P such that for all i € K, mu = p; (%).

Let i — j in K. Since (u;)icx is lower bound, (Da)u; = p; (%%) . Then

*)

)
gott = (Da)mip = (Do) = puj =

=" = mip = fap. (2.6.4)

Considering (fop : X — Deod(a)), . and (gap : X — Dcod(a)), .  with (2.6.2) there are an

unique X —= @ and unique X LN Q such that py on = fou and py o n' = gou for any i — j in
K. By (2.6.3): fu,gu satisfy such n and n’. Combining this fact with (2.6.4), pofi = pagp. The

f
uniqueness ensures the equality gu = fu. Hence, X P —=QisaforkinC.
g

f
Since (L, \) is the equalizer of P == @, then there is an unique X — L in K such that p = Am.
g

Then for any i € K : u; = mp = mAm = \ym. (2.6.1) ensures us also that m;u = mAm/’ for each
i € K implies ;1 = Am/. So we can say there is unique X — L in K such that u; = \;m for each
i € K. Therefore (L, \;);ex is a (the) limit of D. O
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2.7 Adjunction

F
2.7.1 Definition. An adjunction consists of a pair of functors A = B with the isomorphism &
G

<€A,B : B(FA, B) = A(A,GB)) that is natural in both A and B. (2.7.1)
A€ A,BeB

Naturality means the commutativity of the diagrams, for each A’ 5 A in A and B ™\ B in B,

B(FA,B) —2 , A(A,GB) B(FA,B) —2*% , A(A,GB)
(Fm) *l lm* m;l l(({}m/)*
B(FA', B) ———— A(A,GB); B(FA,B') ———— A(A,GB'),

Naturality in A and naturality in B can be expressed explicitly:

VA" ™5 Ain A, f € B(FA,B) : eap(f) om =ea p(f oFm), and (2.7.2)
YB ™ B'in B, f € B(FA,B) : Gm/ oca5(f') = eap(m o f'). (2.7.3)

In this case, we say that [ is a left adjoint to G or G is a right adjoint to ' and we write F 4 G.

2.7.2 Example. Ab be the category of the Abelian groups. The functor abelianization is Grp A, Ab

A Grp — Ab (2.7.4)
G — A(G) = G/[G,G]
¢ G/|G, G| A= H/[H, H] with A¢(g) = f(g) where X be the class of X.

Firstly G/|G, G] is known as an Abelian group. So the object mapping is well-defined.

Ay is well-defined because if g1 = go, 91951 € [G,G] i.e gigyt = [Tasbia;'b;" which implies
Fg1)f(g2)™" = T1f(aq)f(be)f(as)" ' f(b:)"" € [H,H] and f(g1) = f(g2). Moreover, Ay is group
homomorphism then an Ab-morphism. So the arrow mapping is well-defined. Clearly, in addition, it
respects identity, domain, codomains and composition. Thus the functoriality.

Recall that is always the canonical surjection 7¢ : G — G/[G,G], g — g.

Let I: Ab — Grp be the inclusion functor. Now let's fix two objects A € Ab and G € Grp with
f:G — 1A in Grp. ltis clear that ¢5 : AG = G/[G,G] — A, g — f(g) is well-defined (because
g1 = G2 implies f(gl)(f(gg))f1 = e4 by commutativity of A) and verifies ¢y o g = f. In addition,
for any h € Ab(AG,A), f, = homng is in Grp(G,IA) and verify ¢f, = h, hence the surjection
of ¢_. Moreover, for any fi, fo € Grp(G,IA) if fi # fo, fi(g9) # fo(g) for some g € G. Then
¢£,(9) # ¢£,(g) for some g € G/[G,G]| = AG, so, ¢, # ¢y,. Hence the injection of ¢_.

Thus, for each G € Grp and A € Ab we have a bijection cg 4 = ¢1; : Ab(AG, A) = Grp(G,14)
which maps h to h o mg. To obtain the adjunction, it remains the naturality.

Let H - G in Grp and AG % A in Ab.
For any z € H, gorgom(z) = g(m(x)) = qoAp(T) = go Ay omg(x). Then gorgom = goAmorny.
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So ¢,4(q) om = ep (g o Am). That tells us the naturality in G.
Moreover, for any A — B in Grp, AG —% A in Ab, Im o eg,alg) =mogqomng = eg,p(moq).
That ensures us the naturality in A. Hence the functor A is the left adjoint to the inclusion L.

2.7.3 Definition (Riehl (2017) Definition 4.5.12). A reflective subcategory of a category C is a full
subcategory D so that the inclusion admits a left adjoint, called the reflector or localization.

2.7.4 Example. Clearly the inclusion I : Ab — Grp is full then Ab is a reflective subcategory of Grp
where A is the reflector since the adjunction was seen in Example 2.7.2.

2.7.5 Example. We shall show that the Galois connection between poset is a particular case of adjunc-
f

tion. Let A = B two Pos-morphisms with f is a left adjoint to g. Recall from (2.2.1) that it means,
g

in the sense of Galois connection, for any a € A and b € B: f(a) < b is equivalent to a < g(b).

Now, consider the poset (A, <) and (B, <) as two categories A, B as seen at Remark 2.2.2. In addition,
f and g can be viewed as functors. Indeed, for a —= @’ in A, fm is just f(a) Jmy f(b), similarly for
g. (They preserve domains, codomains identity and composition). Moreover, for any a € A, b € B,
B(fa,b) ={fa<b} < f(a) <b <= a<g(b) < Aa,gb) ={a < gb},
and B(fa,b) =0 <= f(a) £b < a £ g(b) < A(a,gb) = 0.
So, there is a bijection between B(fa,b) = A(a, gb). We also get the naturality because their home-sets

contain always only one element if it is not empty, just need to make sure the no-emptiness which is
ensured by transitivity. Thus the functor f is the left adjoint to the functor g.

F
2.7.6 Proposition. Let A = B be a pair of functors in opposite directions. Saying that F is a left
G

adjoint to G is equivalent that saying there exists a natural transformation 1 : Id4 == GF such that:

VAc A BeB: YA GB,3g:FA— B:Ggonu = h. (2.7.5)

Proof. We assume (2.7.1), and for any A-object A, na := capa(Idpa). Let A’ A in A If we
put m' =Fm, f = Idgs and f' = Idpas in the equations (2.7.2) and (2.7.3), we get:

5A,IFA(IdIE‘A) om = SA/JFA(IFTTL) =GFmo 5A’7]P'A’(IdIFA’)~

Thus the naturality of n = (74)aca : Id4 = GF. Now, let A I GBin A Taking g = EZ}B(h),

2.7.3
Ggona=Ggoecapa(ldpa) 13 ea,B(g) = h.

If FA - B satisfies Gg' o4 = h, h = Gg' ona = Gg' 0 e awa(Idsa) "= e 4 5(g).

So, ¢ = sAT}B(h) = g. Thus the existence and uniqueness for (2.7.5) are well-satisfied.
Conversely, for any A-object A, B-object B and FA -2+ B in B, we set ea,B(9) = Ggona. By (2.7.5),

£4.p is a bijection. Moreover, for A’ ™ A'in A, B ™, B'in A and I, f' € B(FA, B), we get

eaB(f)om=Gfonsom natyrality GfoGFmona =G(foFm)ona =ea p(foFm), and
Gm'ocap(f') =GCGm' oGf ona=G(m o f)ona=cap(mof).

Then we get the isomorphism (c4,5) that is natural both in A and in B. Hence (2.7.1). O

A€A,BeB
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2.7.7 Remark. These propositions are also equivalent to say: there exists a natural ¥ : FG == Idp
such that for any .A-object A and B-object B,

FA A FA

! m
Vm in B‘ Jp i F(p)‘ \ B commutes.
! o

B GB FGB

Here, the relations of ¥ and the bijection ¢ are ¥ = eé}g p(Idgg) and 5;‘13 =Yg olF. We could prove
these using the duality of the proof above. In these cases, the natural transformation 7 is said to be the
unit of the adjunction and the natural transformation ¥ is said to be the counit of the adjunction.

2.7.8 Example. For an object L € Loc, we denote CPF(L) the collection of all complete prime filters
in L, ¥, ={F € CPF(L)/a € F} for a € L and the spectrum

Sp(L) = <CPF(L), (Su/a € L}).

It is known (see Picado and Pultr (2011)) that Sp(L) is a topological space with toplogy (2,)
If f: L — M is a localic map then it is a right adjoint to a Frm-morphism f*. Let's define
Sp(f) : Sp(L) — Sp(M), F ~ Sp(f)(F) = (f*)"[F] which is well-defined because a preim-
age of a compete prime filter by a frame homomorphism, is a complete prime filter. It is clear that
(Sp(f))fl[Za] = Yt+(q) then Sp(f) is continuous map. Moreover it is clear that Sp(Idy) = Idgy(z)
and Sp(go f) = Sp(g) o Sp(f). Thus we have a functor Sp : Loc — Top.

aceLl’

Sp : Loc — Top
L Sp(L) = Sp(L)

L L5 M~ Sp(f) = Sp(f).

Moreover, if X is Top-object, the map (X, 7x) A%, Sp(Lc(X)),z — V(z) ={U € 7x/x € U} is
well-defined because if U,V € V(x) and U C W then UNV,W € V(z) and if Uje;U; € V(z), x € U;
for some i € I and U; € V(x) for some i € I.

In addition, it is continuous maps because for any O € Le(X), Ay (Z0) = {z € X : V(z) € o} = {z :
O €V(x)} ={xr:2 €0} =0 € 7x. We get a natural transformation X : Idrop == SpLc. Indeed,
as we see at Example 2.3.2, Le(f) = ((f)),., Sp(Le(f)) = (Q(f))_1 = (f~H~*! for any X Ly
Top-morphism. Combining this fact with {O : f~1[0] € V(z)} = {0 : = € f71[O]} = V(f(x)) for all
x € X, we get Aoy o f =Sp(Lc(f)) o Ax.

The universal property is by Theorem 4.6.3 in Picado and Pultr (2011) page 17. So we get Lc - Sp.

F H
2.7.9 Remark. If A = B 2 C be functors such that F 4 G and H H J, then we have HF 4 GJ.
G J

2.7.10 Theorem (RAPL,LAPC Picado and Pultr (2011)). Right adjoints preserve limits and left adjoints

F
preserve colomits. More precisely, for an adjunction A E B, if (fo: X — D(a)), is a limit

of a diagram D : K — B then (Gf, : GX — GD(a))
similarly for F and colimits (duality).

wckc 15 2 limit of a diagram GD : £ — A and
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Proof. For any a = b in K, GD(m) o Gf, = G((Dm)f.) = Gfy. Then (Gf,: GX — GD(a)) ,cxc
is lower bound of GD. Let (g, : Y — G]]]D(a))ae]C a lower bound of GID. Recall from Remark 2.7.7 that
si%@a(ga) = Upg © F(gq) : FY — Da where 9 : FG =2 Idcp is the counit of the adjunction.

For any a — b in K,
Dm o £31,(9a) = Dm o Ipg 0 F(ga) = Vpp o FGDm o Fgy = dpy 0 F(GDa o g4) = Iy © Fgy = 31, (g0)-

Then (s{,lﬂ)a(ga) : FY — ID)a)aelC is lower bound of . Thus there is an unique morphism in B from
FY to X, h such that f,oh = 5;/]11)(1(9(1) for every a € K. Then for any a € K,

Ga = E(fah) = G(fah) onNy = Gfa OGhO"?Y = Gfa oe(h).

Then eypq(h) is a morphism in A from Y to GX satisfying g, = G f, o e(h).
Let f be a morphism in A from Y to FX satisfying g, = Gf, o f for any a € KC. Then

&y ba(90) =¢vba (G fa 0 evpa(evpa(f))) =7 a(Gfa 0 Gleyha(F) o nv) = ey ha (G (faeybalF)) o nv)

=7 ha (Ve (fasvha(F)  =faThalf)-

Thus ey, (f) satisfies fooey 1, (f) = €y 1, (ga) for every a € K. By uniqueness of such h, eyp,, (f) = h.
Therefore f = eyps(h). Hence the uniqueness of the morphism ey pq(h) satisfying g = G fooey.pa(h).

In conclusion, (Gfq : GX — GD(a)),« is a limit of a diagram GD. O

The following theorems are found in Riehl (2017). We state them here without providing the proofs.

2.7.11 Theorem (General Adjoint Functor Theorem). Let A a locally small and complete category.
Let a limit-preserving functor F : A — C that satisfies the following solution set condition :

V0 € C,380 = {0 ™ FA;} small : (VO = FA, 3m; € So, A, Ly Ain A:m = (Ff) om;).
(2.7.6)
Then F admits a left adjoint.

2.7.12 Example. Let (A, <),(B,<) be two complete lattices and f : (4,<) — (B, <) a infinima-
preserving (all meets). In Remark 2.7.5 and Example 2.6.6, we can viewed f as a functor between the
categories (A, <), (B, <) complete lattice means they are complete category and infinima-preserving
means limit-preserving. Moreover for any b € B, we can take S, = {b < f(z) : z € A} which is a small
set and verifies for any m ="b < f(a)” in <p (b, f(a)) there is mq ="b < f(a)” € Sy and Id, =a < a
in <4 such that m = f(Id,) o m,. So the solution set condition is satisfied.

Thus f admits a left adjoint which is also the left Galois adjoint.
This example is the converse of Remark 2.2.11 but Remark 2.2.11 is an immediate consequence of

Theorem 2.7.10 with Examples 2.6.6, 2.7.5.

2.7.13 Proposition (Riehl (2017) Propisition 4.4.1). If F and F’ are left adjoints to G, then F = F/,
and moreover there is an unique natural isomorphism 6 : F = F’ commuting with the units and counits
of the adjunctions: 7' = (Gf) on and ¥ = (6G) o .



3. Free Objects

In this part, we abuse the forgetful functor, sometimes, we won't define the domain, the codomain, the
arrow-mapping, and object mapping. But, the notation U is considered for the forgetful functor unless
stated otherwise.

In this project, we consider 0 € N and we denote N* = N\ {0}.

3.1 Free objects and free functors

3.1.1 Definition. Given a forgetful functor U : D — C and A a C-object. The D-object F'A is said
to be a free D-object on A with respect to U if there is a C-morphism A % UF A such that for every

D-object D and C-morphism A N UD, there exists an unique D-morphism FA -2 D such that
U(g)opa=f.

3.1.2 Example. Consider the forgetful functor U : Mon — Set and X = {z} a Set-object. F' X =
{z™ : n € N} is a monoid if we consider the binary operation x with 2™ x ™ = z**t™_ |t is the free
Mon-object on X because we have a map X LS UFX, ¢ — satisfying for every monoid M and
map X £> UM, z + a, there is an unique monoid homomorphism FX 2% M, 2™ — a™ so that
U(gq) ot = fa. In particular, if z =1 and we think that the operation is 4, the free monoid generated
by {1} is (N, +) (ie 1™ = n), but otherwise, a free monoid with one generator is isomorphic to (N, +).

3.1.3 Remark. If U has a left adjoint I, the free D-object on A respect to U is none other than FA,
with the C-morphism, A £2 UFA, the component of the unit of the adjuction.

In this case, we call F: free functor respect to U (or simply free functor of U). So, if U admits a left
adjoint, we get the free object. Now, we ask if the non-existence of free functor implies the non-existence
of free object. We give some response at Theorem 3.1.5.

3.1.4 Free Objects in Grp: free group.
For any set S, we define:
FS = {Hzi:nEN, Vi,z; € Sorz=s;', s €S} (3.1.1)
i=1

Here [TiL, z; = 21 - 22+ - - 2, (the order matters). We assume the existence of empty word e = [] ¢ s.
Equipping F'S with the binary operation concatenation such that for all s,u,v € S:ss ! =s7ls=¢
and (su)v = s(uv), FS is a group. Next, for any map f : S — R, let denote f(s) = f(s) and
f(s7h) = (f(s))~! fors € S and define the map:

Ff:FS— FR
i=1 i=1

This map is well-defined and it is a group homomorphism by construction. Now, we will check that the
functor G : Set — Grp which sends any set S to F'S and any map f to F'f is free functor respect to

19
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the forgetful U : Grp — Set. The functoriality is ensured by the fact for any S TR 9 Tin Set,
for each s € 5, go f(s) = gof(s) = go [(s) and go F(s~1) = (g0 f(5)) " = 5((F(5))}) = go (s V).

Then, G(gof)(i:f[lzi)—i:f[lgqf lf[ Gg(Hfzz>—Ggon(£Ilzi).

The collection of maps n = (ng : S — UGS,z — x) defines clearly a natural transformation

SeSet
n: Idset = UG. Moreover, for any set S, group G and map f : S — UG, there is an unique

group homomorphism g : GS — G, [[%; z; — [11-; f(2;) so that U(g) ong = f.
Thus, G is a free functor respect to U.

3.1.5 Theorem. The forgetful functor U : D — C has a left adjoint (free functor) if and only if each
element admits a free D-object.

Proof. We follow the notation in Definition 3.1.1. From the right to left, let A ™ BinC. We get
FB a D-object and upom : A — UFB a C-morphism. Then, there exists an unique morphism in
D(FA,FB), (we call it Fm), such that U(F'm) o us = pug o m. So the correspondance
F:C—D
A—TFA)=FA
A™ B F(m) =Fm

is well-defined. Now, let A % B "+ C. Focusing only on m, we have U(Fm) ous = ug om and
only on n we have U(Fn) oup = puc on. Then, we get FnoFm : FA — FC satisfying

U(FnoFm)opus =UFn)oU(Fm)opus =U(Fn)opugon=puconom.

By uniqueness of Fi(nom) in D(FA, FC) so that U(F(nom))ous = puconom, F(nom) = FnoFm.
Thus, F is a functor. The condition U(Fm) o uq = up om (for any A - B in C) ensures us the
naturality of 4 = (i) aec : Ide == UF. The universal property is given by the definition of free
objects. So, the functor FF is the left adjoint to the forgetful functor U.

The left to right one is at Remark 3.1.3. O

3.1.6 Remark. Let U : D — C be a forgetful functor, A be a C-object, and F' be free D-object on A
respect to U. For any D D-object, D is also a free object on A if and only if D and F' are isomorphic.

Proof. From left to right, let up : A — UF and up : A — UD so that F and D are free objects
on A. Then there is an unique f ¢n F such that up = U(f) o up and an unique g in D such that

pr = U(g) o up. Hence up = U(fg) o up and pup = U(gf) o ur. By definition of free object, Idp
is the unique D-morphism such that up = U(Idp) o up. Then fg = Idp. Similarly for Idr = gf.

f
Hence F' = D. For the another direction, up : A — UF is already given and F' = D be morphisms

g
isomorphic. We can easily check that up = U(f) o up allows us to conclude that D is a free D object
on A. O

3.2 Free metric space and completion of metric

Recall that the category of metric spaces Met has objects that are metric spaces and morphisms that
are continuous maps. More precisely the objects of Met are the pairs (S,d) where S be a set and
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d is map from S x S to R such that d(z,y) = 0 if and only if z = y (identity of indiscernibles),
d(xz,y) = d(y,z) (symmetry) and d(z,z) < d(z,y) + d(y, z) (triangle inequality) for any z,y,z € S.
The Met-morphisms from (S,d) to (R, e) are the maps f : S — R such that for any a € S,e > 0
there is @ > 0 such that for all z € S, d(z,a) < « implies e(f(z), f(a)) < e.

In this part, let's think about how to get the left adjoint to the forgetful U : Met — Set. The trivial
way is for any set S, we equip it with the discrete metric dg : S x S — R which assigns (z,y) to 0 if
x =y and to 1 otherwise. dg is known as metric.

3.2.1 Lemma. Let (R,e) be a metric space and f : S — R be any map. Epuipping S with the
discrete metric dg that we have talked above, g : (S,ds) — (R, e),z — f(x) is a Met-morphism.

Proof. Let a € S and € > 0. We can take o = 0.5. It verifies that for any = € S: if dg(z,a) < «
which implies d(z,a) =0 (z = a and f(x) = f(a)) then e(f(x), f(a)) =0 < e. O

Now, let's construct the functor M : Set — Met that assigns each set S to the metric space MLS =
(S,dg) and each map f: S — R to Mf : (S,ds) — (R,dr),x — f(x) which is a Met-morphism
by Lemma 3.2.1. Obviously, it respects composition, identity.

By noting that UM = Idget, we can take the natural transformation 77 : Idget =2, UM where the
components are the identity maps for each set.The universal property is also ensured by Lemma 3.2.1.
Hence M is the free functor respect to the forgetful U : Met — Set.

On the other hand, if we consider the category Met,, of metric spaces where morphisms are the uniformly
continuous maps. We recall that the map f : (S,d) — (R, dg) is uniformly continuous if for any € > 0
there is @ > 0 such that for all a,z € S, d(z,a) < « implies e(f(x), f(a)) < €.

We can repeat all of the computations above and all things work well. So we also get the functor
M., : Set — Met,, left adjoint to the forgetful U, : Met, — Set.

3.2.2 Definition. Let (.S, d) be a metric space and (x,,)n,en be a sequence in S. (xy,)nen is said to be
Cauchy sequence if
Ve >0,3ng € N (Yn,m > ng : d(zy, xm) < €).

Recall that (z,,)nen is convergent vers a means for any € > 0 there is ng € N satisfying for all n > ng
d(zp,a) < €. We can easily check that convergent implies Cauchy but the converse is not true in
general. For instance, we know that z, = (1+ 1)" € Q C R for any n € N and it converges to e. It is
convergent in R then Cauchy in R. Hence it is Cauchy in Q but not convergent in Q as its limit e ¢ Q.

3.2.3 Definition. A metric space (5,d) is said to be complete if every Cauchy sequence in (S,d) is
convergent in (.5, d).

3.2.4 Proposition. Let (S,d) be a metric space and S be the collection of all Cauchy sequences in

(S,d). We define ~ a binary relation on S defined by (2 )nen ~ (Yn)nen if and only if (d(azn,yn))neN

converge to zero in R equipped the trivial metrict |- —-|. Then,
(a) ~ is an equivalence relation on S. Let's denote S = S/ ~ and write & the class of (,)nen;
(b) for any sequence (zn)nen, (Yn)nen, (d(@n;Ym)), o converges in (R, |- —-|); and

(c) d(z,7) = limd(xy,y,) is metric on S and (S, d) is complete.

'We recall that the trivial metric in R, d(z,y) = |z — y|.
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Proof. For (a) the reflexivity is from the identity of indiscernibles axiom of metric, the symetricity is
from the symetricity axiom of metric and the transitivity is from the triangle inequality and the Sandwich
Theorem. For (b), using the triangle inequality and property of absolute value we have

Combining this with the fact that (z,,)nen and (yn)nen are in S, the sequence (d(z,, yn))neN is Cauchy
in (R,|-—-1). Then (d(zn,ym)), oy is convergent (because we know that is (R, |- — - |) complete).
For (c), to prove that d is a metric, it remains only to check that it is well-defined as a map. Let

(Zn)neNs (Yn)nens (77, )nen and (Y, )nen be in S such that (zn)nen ~ (77,)nen and (Yn)nen ~ (Yp)nen-
We need to prove that d(Z,7) = d(a',y’), we use the same technique as in (3.2.1) to get

Vn,m € N:  |d(zn,yn) — d(@), y0)| < d(xp, 2)) + d(yn, yh,).

Combining this with the fact that (2,,)nen ~ (%7, )neN, (Yn)nen ~ (¥ )nen with the Sandwich Theorem,
we have d(z,,,) — d(x!,,y,) converge to zero which implies d(, ) = d(z/, /).

Now, we should prove that the metric space (S, d) is complete. Let (X*)),cny = (($£zk))neN)k N be a
€

Cauchy sequence in (S,d). Then

Ve>0,3K. eN:  (vh1> K. d(X®™,X0) = tim dz{",2l") < 3). (3.2.2)

Moreover, for any k € N, the sequence X *) = (:B%k))neN (one representative of the class) is Cauchy in
(S,d). Then

1
WkeN o eN:  (Vji>ap: d@l®,2l?) < %). (3.2.3)

Next, X := (x} )nen which is by definition a sequence in S. Let’s show that it is Cauchy.
Combining (3.2.2) and (3.2.3) with the triangle inequality, we can write

1 1
Ve>0,3K. € N : (\ﬂf 1> Ko d(al), 20) < dim (d@®, 2 +d@, o) 4@, 20)) < 24545 )

Faer Far) = T Tty k21

ak’ (Zl

ThenVs>O,EIK:maX(KE,[§+ﬂ)EN: (Vh, 1> K : @), 20) <€) (3.2.4)

Hence X is a Cauchy sequence in (S, d). We claim that (X)), converges to the class of X in (S, d).
Using the triangle inequality with (3.2.3) and (3.2.4), we get

Ve > 0,3K = max(K, [g})(Vk>K:J(X() X) = lim d(z{), () < lim d@®, 2{))+dz®, 2(7)) < 2.

n—00 n—00 Lay Tay > La

Thus (X®)),en converges to X in (S, d). Therefore (S,d) is complete. O

Therefore, for every metric space (S, d), we can get from it a complete metric space (S, d).

3.2.5 Remark. For any Met,-morphism (S, d) N (R, e), the sequence (x,)nen is Cauchy implies

(f(zn))nen is Cauchy and (d(zn, yn)),, o converges to zero implies (e(f(zn), f(yn))),,cn CONVerges to
zero. If in addition, if (R, e) is complete (f(zy))nen and (f(yn))nen converge to the same limit.
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Now, let's construct a functor from Met, to CMet,, category of complete metric spaces whose mor-
phisms are uniformly continuous maps. The proposition above leads us to construct

C : Met,, — CMet,,
(S,d) — C(S,d) = (S,d)
(5,d) L5 (R,e) = (5,d) <L (R,8),& — (f(20))nen-

Remark 3.2.5 tells us that Cf is well-defined as a map. We claim that it is uniformly continuous.
Let € > 0. Because f is uniformly continuous, there is v > 0 such that for any z,y € S, d(z,y) < @
implies e(f(x), f(y)) < 5 (x). We take 8 = § and will prove that for any Z,5 € S, d(Z,7) < 8 implies

e((f(xn))nens (f(Un))nen) < e . d(Z,9) < means limd(x,,yn) < 5. Then we have

Ve>0Inc €Nt (V> ne:d@nyn) <G +e) =3, € N.Yn > d(an,pa) < 5 <o
2L 30, € NV = no s e f(an), () < 5 — lime(f(an). ) < 5 <

Hence Cf is uniformly continuous and the morphism mapping is also well-defined.

Obviously, it respects identity and composition. Hence, we have a functor C. We denote also I the
inclusion CMet,, — Met,,.

Now, let's think about the natural transformation 7 : Idnfet,, == IC whose the components are 1(5,d)
that we will simply write ng : (S,d) — IC(S,d) = (S,d), z — (x)nen (constant sequence).

3.2.6 Lemma. Let (C,c) be a complete metric space. For any Met,-morphism (.5, d) N I(C,e),
there is an unique CMet,,-morphism (S, d) -2 (C, ¢) such that Ig o ng = f.

Proof. For any & € S , we set g(Z) = lim f(z,). The last part of Remark 3.2.5 ensures us that g is
well-defined. To prove that such g is CMet,,-morphism we use the same technique to proof of Cf, just
we need to notice that lim ¢(f(zn), f(yn)) = c(lim f(x,),lim f(y,))?. Clearly, it satisfies Igong = f.
Assume there is another h € CMet,((S,d), (C,c)) satisfying Th o g = f. We should be able to
have for any # € S, h(Z) = g(&) = lim f(z,). To prove it, we will prove that for any ¢ > 0,
c(lim f(zn), h(Z)) < e. Let # = (2n)nen be in S and ¢ > 0. Because g, h are unifomly continuous,
there is oy, g > O such that forany n € Nand z € S, limd(xy, z) < a; implies ¢(lim f(z,), f(2)) < 5
and lim d(xy, z) < ay implies ¢(h(Z), f(z)) < 5. We can take 6 = min(ay, a2) and have any n € N
and z € S, limd(zy,z) < § implies ¢(h(Z),lim f(z,)) < e (*x).

As (zp)nen is Cauchy, there is ns € N such that for any n > ns (and we take z = xy;): d(zp,2) <9
then lim d(z,, z) < d. Combining this with (), we have ¢(h(Z),lim f(z,)) < €. Therefore

Ve > 0: c(h(Z),lim f(z,)) <e = c¢(h(Z),lim f(z,)) =0 = h(Z) = lim f(z,) = 9(Z).
Hence the equality h = g and the unicity. O
3.2.7 Corollary. In consequence, C is the left adjoint to I. Then CMet,, is a reflective subcategory of

Met,,. Finally, we also get a free functor F = CM,, of the U,I : Set — CMet,,.

Proof. The only thing to check is the fullness of subcategory CMet,, in Met,,. It is full because there is
no additional property for a Met,,-morphism to be a CMet,-morphism, just the domain and codomain
should be CMet,-objects. O

2]t is because the metric is continuous then preserves limits.
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3.2.8 Some classics free objects (free functors)
In this part, we do not give the details by the condition of pages but we just state the free functors.

(a) Free monoid on set:
M : Set — Mon (3.2.5)

Sl—)MS:{HsizneN, Vi:s; €S}
i=1

S L RS EL MR, [ si = [ f(s1).
=1 =1

(b) Free R-module on set:

MR : Set — MOdR (326)
SHMRS:{ZCLSS: (VseS:as€R),3X CS|X|<o0:VseS\X :a;=0)}
seS
s LT MRSMiz MRT, Z%S — Zasf(s).
ses s€S

(c) Free space on set:
T : Set — Top (3.2.7)
S TS = (S,P(S))
S L5 R TS 2L TR, 2 s f(2).

(d) Free abelian group on set: it can be viewed as a composition of free functor at 3.1.4 with the
reflector in Example 2.7.2. More precisely, we go from set to group and after from group to
abelian group.

(e) Free Ring(unitary) on set:
R : Set — Ring (3.2.8)
X s RX = Z[X]
X Ly rx BL Ry, 2z o f(2).

(f) Reflector from Mon to Grp:

H : Mon — Grp (3.2.9)
M—HM=MU{h™:heM}}
m(z) ifeeM

M2 N HM 8 HN, 2 — Hm(z) = 3 _
(m(x)) otherwise .
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3.3 Adjunctions between Mon and MSLat

In this part, we will consider the semilattice, not necessarily contains 0: MSLat.

Consider two full Mon'subagories CMon, CIMon whose the objects are respectively the commutative
monoids and the commutative monoids where every element is idempotent. We try to define IF; and
IF5 the left adjoints of the inclusion functors I} : CMon — Mon and Iy : CIMon — CMon.

3.3.1 Lemma. CIMon = MSLat.

Proof. We will not prove it in details but just state the ideas to get the functors isormorphic. For the
one MSLat to CIMon, F is just by remarking that the meet-semilattice (S, A) is a CIMon-object
by taking the meet operation as a binary operation. For the other one CIMon to MSLat, G is just
taking the binary operation as a meet operation. (We can think only on A by Remark 2.2.4). Ul

For any monoid (M, ), define a binary relation Ry on M, such that for any z,y € M,
n n
(x,y) e Ry iff IneNoeS,,ay,-,apEM:x= Hai,y: Haa(i),
i=1 i=1

where S, is the group of permutation on {1,--- ,n}.

It is an equivalence relation: the reflexivity is by the identity permutation, the symetricity is by each
permutation being invertible, and the transitivity is by the fact that the composite of two permutations
is also a permutation. So we have the quotient CM = M /R ;.

Let * be a binary operation on C'M such that
Ve,yec CM: Zxy=T7Ty.

It is weel-defined and (C'M, *) is a commutative monoid.
For any commutative monoid (C,-), define a binary relation =¢ on C such that for any z,y € C,
x=cyif

(i) (x=vy)or (x =aa,y =a) or (x =a,y = aa) for some a € C or
(i) z,y can be written x = ﬁz’f a;,y = Hi? b; with a;,b; € C and a; =¢ b; forecahi=1,--- ,n.
It is an equivalence relation and let's consider the quotient IC = C/ =¢.
Let x be a binary operation on IC' such that
Ve, y e IC: Zx*xy=Ty.

It is weel-defined and (IC, *) is a commutative monoid whose every element is idempotent.
Now, we construct the functor IF; and Fs, by the way

Fy : Mon — CMon Fy : CMon — CIMon
M Fy(M) = CM C s Fo(C) = IC
ML N oMW oN e f) C D 10" 1D 2 s m(x)

The F1(f) and Fa(m) are well-defined because C'N is commutative and every element of ID is idem-
potent. They are Mon-morphisms then respectively CMon-morphism and CIMon-morphism. The
functorialy are clear. Now, let's construct the natural transformations

a:=(ay: M —LFMz— :1:)]\/161\/[0n and  §:= (6¢: C — LFC z — w)CGCMon.
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By definition of F1(f) and Fa(m), we have « : Idyon == I1F; and § : Idcmon — IoFs.

For any M % I,C in Mon(M,I,C), there is exactly one f in CMon(F; M, C),z — f(z) = f(z)
so that I)(f) o apy = f and for any C % oI in CMon(C,I1), there is exactly one m in
CIMon(F.C, 1),z — m(z) = m(x) so that Is(m) o dc = m . The f,m are well-defined because
C' is commutative and each element in [ is idempotent. Thus F; 4 1; and Fg - Is.

Hence CIMon is reflective subcatory of CMon and CMon is reflective subcatory of Mon.
3.3.2 Corollary. By Remark 2.7.9 with the free functor M : Set — Mon in (3.2.5) and Lemma 3.3.1,
We get the free functor S : Set — MSLat by composing FolF1M (exactly S = GIFoF;M).

For remark, there is another way to construct the free semilattice in Picado and Pultr (2021). By
Remark 3.1.6, we should have the isormophism between SS and the free semilattice gotten there
({X C S: X is finite}, D) for any set S. But here, we will show explicitly the isomorphism.

3.3.3 Proposition. For any set S, SS and ({X C S: X is finite}, U) are isomorphic in MSLat.

Proof. The bijections are

f:SS—={X CS: X isfinite} g {X CS: X is finite} —SS
HsiH{si:i:1,~-,n} X r—>Hs
i=1 s€X

g is well-defined; for f : £ = ¢ in SS means the elements of S appearing in x are the same of the
elements of S appearing in y (ignoring the order: by R, and repetition: by =), then f(Z) = g(y). Clearly,
fog,and go f are identity maps and these maps preserve the top. If C; is the set of components of
x, Copy = Cpy = C, UC,. Then f(x Ay) = f(z)U f(y) and g(X UY) = g(X) Ag(Y). Then f and
g are isomorphisms of meet-semilattice. O

3.4 Construction free lattice

It is well-known, as shown in Johnstone (1982), that it is possible to construct the free lattice for any
set. However, | will omit some details and present it differently. Theorem 3.1.5 guarantees the existence
of a free functor respect to the forgetful functor U : Lat — Set. Here, | will emphasize the categorical
aspects by stating the free functor arising in the free construction.

Let's consider a set X. We define the set RX as an extension of X such its elements are of form:
(i) € X (we call such elements the generators) or
(i) AS or /S for some finite subset S of RX (where A{z} = \/{z} =z for any 2 € RX).

We could have an order relation < where (RX, <) is lattice and A, \/ are the meet and join in RX.
We start by a relation R can be expressed recursively for any u,v € RX, uRuv if:

(a) u=wvor

(b) u=VS, v=VR and for any s € S, there is r € R: sRr for S, R finite subsets of RX or
(c) u=AS,v=ARand for any r € R, there is s € S : sRr for S, R finite subsets of RX or
(d)

d) uRz and xRv for some € RX. (To make sure the transitivity).
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We see that this relation is reflexive by (a) and it is transitive by (d). Now, let’s consider the relation &:
£ ={(z,y) € RX?: 2Ry and yRz}

Clearly, it is an equivalence relation and let's denote FX = RX/E. In addition, we have an order
relation < on F'X defined by @ < b if and only if aRb. Obviously, the poset (F X, <) has the top and
bottom which are the class of A () and the class of \/ (). In the following, we abuse to confuse each
element (in RX) and its class (in F'X). By a = A{a},b = A{b} and (c), A{a,b} is a lower bound of
{a,b}. Moreover, if ¢ < a and ¢ <b, by ¢ = A{c} and (c), ¢ < A{a,b}. Hence A{a,b} is the meet of
a and b, a A b. Similarly for the join, the join of a and bis a Vb = \/{a,b}. Thus (FX, <) is a lattice.

For any map X7i> Y, we can define a new map recursively F.X F1 FY such that 7 — (x)
(for z € X), AS — A f[S] and VS — V f[S]. By construction of FX and FY, it is well-defined.
Moreover, clearly, it preserves order, finite meet and finite join; then Lat-morphism.

Now let’s think about a functor from Set to Lat,

L : Set — Lat (3.4.1)
X—LX)=FX
x LyosLx "= Ly
L respects the composition by the definition of F'f and Fg.
Now, let's construct a natural transformation 7 : Idget = UL whose the components are

nx : X — UL, T .

We can say that for any lattice L and a map X N L, there exists an unique Lat-morphism g from F.X
to L satifying Ugonx = f. This g can be expressed recursively Z — f(z) (for x € X), AS — A f[S]
and /.S — \/ f[S]. Hence we see that L is the left adjoint to the forgetful functor U : Lat — Set.
The proof of almost all of the constructions basically follows from the fact all elements of X can be
expressed using finite meet and finite join with the element of x as the generators and conversely every
word constructed using the lattice operations is in F'.X. We reduce the set of words generated by X, A
and V, RX to F.X so we can have the property of A,V in the lattice, like the idempotence of these

operations.

3.5 Construction free frame

The downset functor is the classic way to get the free frame on set, it is seen in Picado and Pultr (2011).
Recall that a subset A of semilattice L is called downset if foralla € A, Ja={z €l: 2z <a} C A.

3.5.1 Remark. Let S — R be a MSLat-morphism:
(a) the set of all downsets of each semilattice is a frame where meet is intersection and join is union.
(b) for any dowset U, V,V; of S, | f[UNV] =L FUIN 4 f[V] and | flUic; Vil = Uses b £V

The downset functor D is defined as

D : MSLat — Frm (35.1)
S—DS)={lX:XCS}={U:U=|U}

S L R DS BL DR, Uy U
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D is well-defined by Remark 3.5.1 , it remains for us to prove the functoriality. It is by the fact
1 flU] =l f[} U] for any f MSLat-morphism. Nextly, define the component of \ : IdysLas — UD,

As 1S = UDS, s~ Ag(s) =] s.

A is obviously a natural transformation because \g is a MSLat-morphism.

3.5.2 Lemma. Let S be a semilattice and L a be frame. For any U,V € DS, S i> L in MSLat,

{fle):ceUNV}={f(anb):acUbeV}. (3.5.2)
Proof. From left to right, take a = b = ¢. From right to left, take ¢ = a Ab € U NV since
U,V € DS. O
3.5.3 Lemma. Let S be a semilattice and L a be frame. For any S L UL in MSLat,

dlg € Frm(DS, L) : Ugo Ag = f.

Proof. We take g(U) =\ f[U]. Obviously, it preserves all joins. For the finite meet, we use (3.5.2),
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So, g is Frm-morphism. Moreover, it is clear that for any s € S, Ugo Ar(s) = V fl} s] = f(s).
Hence, the existence. Now, let h € Frm(DS, L) such that Uh o A\, = f. Then for any U € DS :

WU) = h(Userr b 8) = Vier bl 8) = Ve £(5) = V [IU] = g(U). Thus, the unicity. 0

gluU NVl

3.5.4 Proposition. We conclude that D is the left adjoint to the forgetful functor U : Frm — MSLat.

3.5.5 Corollary. Finally, by Remark 2.7.9 and Corollary 3.3.2, the composing DS is the free functor
respect to the forgetful Frm — Set.

3.6 Construction freely generated frame from a site.

In this section, the main definitions and concepts are from Johnstone (1982). But | will provide another
proofs using simpler definitions, presenting Lemma 3.6.7 and Remark 3.6.9, which allow us to obtain
explicitly the unique factorization of a Frm-morphism claimed by Johnstone (1982) on page 59. Here,
we will consider the site as a category and emphasize the adjunctions between this category and Frm.

3.6.1 Definition (Johnstone (1982) p57). Given a meet-semilattice A, a coverage on A is an element

C of (P(P(A))) such that for any a € A4, C(a) € P(P({ a)) satisfying the meet-stability property:
Va,be A: b<a = VSeC(C(a):{bAs:se S} €C(b). (3.6.1)

We construct a category Sit whose the objects are all sites, pair (A, C) where A is meet-semilattice and
C is coverage on A and the morphisms from (A,C) to (A’,C’) are all SLat-morphisms f from A to A’
such that:

Vae A: VS eCl(a),f[S] €l (f(a)). (3.6.2)
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We need to check composition but it is trivial. Now, define

V : Frm — Sit (3.6.3)
L— V(L)=(L,Cr) whereCr:z+— {SCL: \/S:x}
L1 ML YNz f(2).
It is well-defined because for all L frame, Cy, is a coverage on L and for all L RNV, Frm-morphism,

forany S C L: \V S = a implies \/ f[S] = f(a) which mean that V(L) = (L,C) € Sit and V(f) in
Sit. The condition of the fonctuariality is obvious.

3.6.2 Definition (Johnstone (1982) p58). Given a site (A,C), a downset I of A is said C—ideal (or
simply Sit-ideal) if

Vo€ A: (3R€C(a),RCI) = ac€l (3.6.4)
3.6.3 Lemma. The set of all C-ideals of A, C-IdI(A) equipped with the inclusion is a frame.

Johnstone (1982) proved it using nucleus. Here, we do another one but still use Proposition 2.2.18.
Then, It suffices to prove that C-ldI(A) is a sublocale of the locale DA seen at section 3.5.

Proof. It is obvious that any intersection of C-ideal is C-ideal.
Now, let I € C-IdI(A) and D € DA. It remains to show that H = D — I € C-ldI(A). Explicitly:

H=|J{XeDA: XnDCI}.

Let a € A and S € C(a) such that S C H. We should have ({ a) N (D \ I) = 0. Indeed, otherwise,
there is b < a such that b € D and b ¢ I. By meet-stability and (3.6.4), we have a coverage of b, T

T:={bANs:se€S}ZI] = FHteT:t¢] = FHecT t<b:t¢l] = el ,teD:t¢l.

Since t € T, there is some s € S such that t = s A b. Thent < s.

Take an abitrary X € DA which contains s. Thent € X. Sot € XND butt¢ I. Then XND Z I.
Hence there is s € S such that for any X € DA, s € X implies X N D & I. That contradicts S C H.
Thus, we must have (} a) N (D \I) =0. Then, takingY =L a € DA, YNDCI. Soac H. O

In the next, we use the notation (E) for the smallest ideal of the corresponding site, containing E.
3.6.4 Remark. Clearly, the join in C-ldI(A) is : |;cp i = (Uicg Li) = N{I € C-ldI(A) : U;cp C I}.
3.6.5 Proposition. Given a site (A,C). Let u: A — C-ldI(A4) a — u(a) = (a). Explicitly

u(a) = (I €CldI(A):LaC I} =(la)={IE€CII(A):acl}=/a) (3.6.5)

It is well-defined as a map. Moreover it is a Sit-morphism if we equip C-I1dI(A), Ceadi(a)-

It is clear that u(a) is the smallest C-ldI(A) containning | a (or only a).
We will write this map u4 to specify that we work in (A,C) (by abuse, we let C but not forget).

Proof. It is well-defined because the arbitrary intersection of C-ideal is an C-ideal and u(1) = A.
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On the other hand, | (a A b) C (] a) then for any I € C-IdI(A), | a C I implies | (a Ab) C I. Then
{I €C-ldI(A) L aC I} C{IeCIdI(A):| (anb) CI}.
So u(a Ab) C u(a). Similar for b, we get u(a A b) C u(a) Nu(b). To prove the converse, let's denote
J={zecA:Vs<a,xAsculanb)} and K={rxecA:ViecJazNtculaNb)}.

It is clear that b€ J, a € K and JNK Cu(a Ab).

Let y € A, R € C(y) and R C J. Consider an arbitrary s < a. By the meet-stability property,
Rs={tANyNns=tANs:te R} €C(yAs)

and if z € Rs, z =t A s forsomet € R C Jthen z € u(aAb). So Rs C u(aAb)as s < a. Since,
u(a AD) is a C-ideal, y A s € u(a Ab). As we have taken an s arbitrary, we have y € J, and hence J is
a C-ideal of A (easy to check it is downset) containing b. Thus u(b) C J.

Let y € A,S € C(y) and S C K. Consider an arbitrary s € J. By the meet-stability property,
Ss={tAyANs=tAs:teSteClyNs)

and S; C{tAs:te€ K} Cu(anb). Since, u(aAb) is a C-ideal, y A's € u(aAb). As we have taken an

s arbitrary, we have y € K and hence K is a C-ideal of A (it as downset) containing a. Thus u(a) C K.

Therefore u(a) Nu(b) C JN K C u(a A b). Hence the equality and finally u is a SLat-morphism.

Nextly, let a € A and S € C(a). Clearly S C U,equ(s) C [Ju[S]. Then a € [ Ju[S] (since it is a
C-IdI(A)). Then u(a) C [ |u[S] (By u(a) is the smallest C-ideal containning a). Moreover if y € u[S],
there is some s € S such that y = u(s) C u(a) (by S CJ a). So u(a) is an upper bound of u[S]. Then
Lu[S] € u(a). So Ju[S] = u(a) and u[S] € Ce.ai(a)(u(a)). Hence u is a Sit-morphism. O

3.6.6 Proposition (Johnstone (1982) p58). For any downset U and V of A, (UNV) = (U) N (V).
Proof. Similar to the above proof. The first inclusion is by UNV C (U) N (V). For the another one, we
just change J={z € A:VseUzAnsc(UNV)and K={zxe€ A:Vse€ Jyjansec (UNV)}. O
3.6.7 Lemma. Let f: (A,C) — (B, B) be a Sit-morphism.

(a) If J is a B-ideal of B then f~1[J] is C-ideal of A.

(b) For any X subset of A and K B-ideal of B: f[X] C K if and only if f[(X)] C K.

(c) In particular, (f[(X)]) = (f[X]).

(d) For any (Xj;)ick subsets of A (or B), K Sit-ideal: ;cp X; C K if and only if U;cp(Xi) C K.

(¢) In particular, (Uiep (X)) = (Uiep Xi)-

Proof. For (a), assume that there is R € C(x) and R C f~![J]. As f is Sit-morphism f[R] € B(f(z)).
Moreover f[R] C f[f~1[J]] € J. Hence f(x) € J and x € f~1[J].

For (b), let K an B-ideal such that f[X] C K. We have X C f~![f[X]] C f~![K], which is an C-ideal
by (2). Then (X) C f~YK]. So f[(X)] C f[f~![K]] € K. The converse is trivial.

For (d), let K and Sit-ideal such that J;cp X; C K. We have X; C K foreach i € E. Then (X;) C K
for each i € E. So J;cp(Xi) € K. The converse is trivial. O
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Now let's construct the functor F : Sit — Frm:

F : Sit — Frm (3.6.6)
(A,C) > F(A,C) = C-IdI(A)

(4,C) L5 (B, B) v CdI(A) ~L BAdI(B), I +— (f[I]).
Remark 3.5.1 (b) and Proposition 3.6.6 ensures us that F(f) preserves meet. Lemma 3.6.7 (c) and (e)

ensures that F(f) preserves all joins. Combining these with Lemma 3.6.3, T is well-defined.
Lemma 3.6.7 (c) ensures us that it respects the composition. Hence, the functoriality of F.

3.6.8 Proposition. We have a natural transformation u : Idgyy — VF of component (ua)(ac)esit-

Proof. Let A -5 B a Sit-morphism. For any = € A, we apply Lemma 3.6.7 (c) for X = {z} to get:
up o f(z) = (f(x)) = (f({z})) = (f({=z}))) = (f(va(2))) = VFf o ua(x). O

3.6.9 Remark. For any frame B and Sit-morphism (A,C) L,vB = (B,Cp):
(a) in V(B) = (B,Cp), | b is Cp-ideal for each b € B. In particular (b) =] b.
(b) consequently, \/ f[(a)] = f(a) for each a € A.

Proof. For (a): let y € B and R € Cg(y) (ie. VR=y)and RC|lb. So,y=VR<V.]b=b>
then y €] b. Hence | b is a Cp-ideal. For (b): since f[{a}] C| f(a), (2a) and Lemma 3.6.7 (b) tell us
fla)] €1 f(a). Then, V f[{a)] < f(a). By f(a) € f[(a)],V fl{a)] = f(a). O

3.6.10 Proposition. For any site (A,C) and frame B, Sit-morphism f : (A,C) — V(B) = (B,Cp),
there is an unique frame homorphism ¢ : F(A,C) = C-ldI(A) — B such that Vgouy = f.

Proof. The proof is similar to Lemma 3.5.3. We take g(I) =/ f[I]. The meet in C-IdI(A) is the same
as in DA but the joins are different in general. Let (I;);cr a collection of C-ldI(A) of A. We have
flUice Lil €LV flUicg Li]. By Lemma 3.6.7 (b) with Remark 3.6.9 (a), flllice Li] €4V flUicr L]
So V fllice Li) < V flUier Li]. Then V fllicr Ii) = V flUick Li] (because the converse is trivial).
Thus g[| licr Ii] = Vier (Vf[IiD = V,cr 9[1i]. Hence, g is Frm-morphism. Using Remark 3.6.9 (b),
forany a € A, Vgo pa(a) =V f[{a)] = f(a). Thus, the existence.

Now, let h € Frm(C-IdI(A), B) such that Vho ugq = f. Then for any I € C-ldI(A) :
h(I) = h(Uper(®)) = Vaer M((x)) = Vaper f(x) =V fII] = g(I). Hence, the uniqueness. O

3.6.11 Corollary. Combining Propositions 3.6.8 and 3.6.10, we conclude that F in (3.6.6) is the left
adjoint to V in (3.6.3) (F 4V).

Johnstone (1982) defined “frame freely generated by a site (A4,C)" by a frame L with an existence of
a SLat-morphism p : A — L which “transforms covers to joins” and is universal among such maps.
By remarking that “transforms covers to joins” means being a Sit-morphism if we equip L by Cr,. We
should be allowed to say that a frame freely generated by any site (A4,C) exists (by Johnstone (1982)
C-1dI(A)) and category theory, Remark 3.1.6% ensures the uniqueness (up to isomorphism).

3Remark 3.1.6 talk about free functor but it is still true for any left adjunction. It is seen by folowing the proof.
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3.7 Adjunctions between MSLat and Sit

Here, let's denote particularly the forgetful W : Sit — MSLat. We try to see the interactions between
MSLat and Sit to check if the concept of frame “freely generated by a site” has something to do with
the downset functor D in 3.5. Let's start with a lemma.

3.7.1 Lemma. For any meet-semilattice A, the following maps are coverages on A:

E4: A= P(P(A)) da: A P(P(A))
a v Exla) = 0; arda(a) =P a).

Proof. Firstly they are well-defined and the elements of £4(a) and d4(a) are all subsets of | a. Moreover,
itisno S so S € Ex(a) for ecah a € A and for any S subset of A, {sAb:se€ S} eP(lb). O

Now, we define two functors

L : MSLat — Sit T: MSLat — Sit
A L(A) = (A,€4) A s T(A) = (A,da)
AL B LA™LB 2 o fa); AL B TA™ TR 2 s fa).

The object mapping and morphism mapping are well-defined and the compositions are gotten trivially.
Nextly, we define two natural transformations ¥ : IdmsLat = WL and A : Ids; = TW such
theirs compenents are x +— x. They are clear to be SMLat-morphism and Sit-morphism. The
naturalities are trivial. For the universal property, we notice a few observations that seem very obvious.

3.7.2 Remark. Let A be a semilattice and (S,C) be a site. For any A L, Sin MSLat (A, S), the
map (A4,€4) - (S,C), z — f(z) is the only Sit-morphism that satifies W(g) o X4 = f.

3.7.3 Remark. Let (S,C) be a site and A be a semilattice. For any (5,C) N (A,dya)inSit((S,C),(A,da)),
the map S -4+ A,z — f(z) is the only MSLat-morphism that satifies T(g) o Aisey=f.

3.7.4 Proposition. We conclude that I and T are the left and right adjoint to the forgetful functor W.

This is another another ways to get the downset functor in section 3.5, D = FL, F be the one in 3.6.6.
Then, we should check that £4-1dI(A) = DA but it is clear.

3.8 Free Heyting algebra

We give the free Heyting algebra with one generator. Let's consider the set X = {(1,0)}.
Let's define FFX and we will try to explain why it is the free Heyting algebra on X.

FX :={(z,y) e NxN:y<z+1<y+3}U{oo=(+00,+00)}.
The order is defined by (z,y) < («/,%') if and only if x < 2’ and y < /. Clearly, it is a bounded lattice.

We could easily verify that if x1 > z2 and y1 > y2, (z1,91) — (22,92) = (z2,y2); if 1 > x2 and

y1 <y2, (x1,91) = (T2,92) = (22,22 + 1); if 21 < 29 and y1 > yo, (21,91) = (T2, 52) = (Y2 + 2,12)
and otherwise (z1,y1) — (z2,y2) = 0co. Hence F X is an Heyting algebra.
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We can also see that every element of F'X can be gotten recursively using only (1,0), (0,0), oo, A, V, —.

Then for every Heyting Algebra H and for every map X i> H there exists an unique Hey-morphism g
from FX to H such that g(1,0) = f(1,0). That was proven at ( )- This g can
be expressed recursively as (1,0) — f(1,0), (0,0) — 0, 00 — 1, aAb+— g(a)Ag(b), aVb— g(a)Vg(b)
and a — b+ g(a) — g(b). Thus FX is the free Heyting algebra generated by X.

At ( ), Johnstone claimed that the free complete Heyting algebra respect to the set with
one element is F'X U{x}. That shows a big difference between the category of frames and the category
of complete Heyting algebras even they have same objects. By Corollary 3.5.5, the free frame generated
by a set with one element {e} is isomorphic to {0, e, 1}.

3.9 Some examples of forgetful functor no free functor

For some categories, we will conclude the non-existence of free functor using LAPC and RAPL at
Theorem 2.7.10 and Theorem 3.1.5. The no-existence of a free functor tells us just that there is some
object that has no free object but perhaps some other object has a free object. For instance for the
case of CLat, we have a free complete lattice one generator but it has no free functor.

3.9.1 Field: category of fields whose the morphisms are the Ring-morphisms.

Recall the characteristic of field K is the smallest £ € N* such that k-1 =1+1+---4+1 =0 (k times)
if there is such k but otherwise it is zero. We know that the characteristic of any field is zero or prime
number.

3.9.2 Proposition. For any fields K, L: if there is a Field-morphism f: K — L then K and L have
a same characteristic. In particular, Field has neither an initial object nor a final object.

Proof. Let f : K — L be a Field-morphism. For the case where the characteristic of K is a prime k.
We have 1, +1p+---+1p = f(lg+1x+---+1k) = f(0g) = 0g, (all is k times). Because k is prime,
it must be the smallest satisfying 17, + 17, + -+ 17, = 0 (k times), and then the characteristic of L is
also k. We can use the fact that the kernel of f is an ideal of K, which is (0) or (K) to conclude that
f is injective. It is by f(1x) = 11 and then the kernel of f must be (0) not K. Now, we use it to prove
that if K has a characteristic zero then L has a characteristic zero. Inded, characteristic of K is zero
means for every k € N*, k- 1x # O which implies k-1, = k- f(1g) = f(k-11) = f(0g) # 0. O

If the forgetful U : Field — Set has a left adjoint F : Set — Field then this F preserves colimits.
As ) is an initial object in Set and colimit of the diagram E : 0 — Set. Then F{) is the colimit of
the diagram FE : 0 — Field. Hence F() is an initial object in Field which contradicts the Proposition
above.

3.9.3 CLat: category of complete lattice

In ( ), it is proven at page 31, that the complete lattice generated by X = {z,y, z} does
not exist. Hence, Theorem 3.1.5 ensures us that the forgetful U : Clat — Set has no left adjoint
(free functor respect to U).



4. Final Remarks

The categorical approach to free objects in a category allows us to conclude that there are no free
objects when the relevant forgetful functor does not preserve some limits using RAPL. The General
Adjoint Functor Theorem on the other hand might help us conclude if the free functors exist.

Limits and colimits in Set are familiar and easy to construct. In instances where we have free objects
and the concrete! category is complete, we can use RAPL: the underlying set of the products in Grp
(Top, Frm, Lat, etc.) is the product of the underlying sets, so we can work with the fact that the
projections are morphisms to get the product in each category. It is similar for all limits.

In other words due to the fact that Grp (Top, Frm, Lat, etc.) admit free functors, the forgetful
functors, being right adjoints, must preserve limits. The same holds for the existing products in Met,,.

On the other hand, using LAPC, if a concrete category admits a free functor, then the coproduct of
free objects is the free object on the coproduct of sets. For instance, the free group on the set X [[Y is
the free product (coproduct) of the free groups on sets X and Y (see Corollary 4.5.7 in ( ))-

Using the same reasoning, we can also conclude that products and equalizers® in Ab are none other
than those in Grp, and every existing product in CMet,, is none other than that in Met,. This
reasoning is valid for any reflective subcategory.

Definitions and tools from category theory help us study the free objects in a number of contexts. An
interesting investigation is that of complete Heyting algebras. We have seen that free complete Heyting
algebras differ from free frames even though they are the same algebraic objects. The difference arises
because the morphisms of the relevant categories differ, underlying the crucial role of morphisms in
understanding mathematical structures — exactly the point of departure for category theory. For the
free objects in Hey, there are many works discussing finitely generated cases. Regarding CHey,
constructing free objects or proving their non-existence is an intriguing (and very challenging) open
research question that would extend this project.

LA concrete category is a category resembling a category of sets equipped with structures.
2We assume that Ab is complete.
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